HAIIIOHAJIbHA AKAJIEMIA YIIPABJIIHHA

Ckypamoecvkuu P. B.

BUIIIA MATEMATHUKA
3 MPUKJAJIAMU 1 3ATAYAMHU

IHiapyyHuk

Kuis - 2021



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

PexomenaoBano 110 1pyKy Buenoro panoro
HanionanbHoi akagemii ynpapiinas (mpotokoi Ne 8 Big 28.12.2021).

Penenzenru:
Canimoe Pycnan Padikoeuu — 10KTOp (PI3UKO-MATEMATUYHUX HAyK, CTapIIul

HAayKOBHUI CHIBPOOITHUK BIAJIUTY KOMIUIEKCHOTO aHajidy 1 Teopli MHOTEHIiamy.
Incturyr matemarukn HAH VYkpainu.

Kniwgyx bozoan Anamoniiioguy — xanauaat (Hi3uKo-MaTeMaTUYHUX HAYK, HAYKOBUU
CHIBpOOITHUK BIAJALUTY KOMIUIEKCHOIO aHadi3y 1 Teopix MoTeHuiany. I[HCTUTYT
marematukn HAH Ykpainu.

CkyparoBcbkuii P. B.
Buma maremaruka 3 npuxkiaagamu i 3agavamm. [linpyunuk. — K.: Hamionanbna
akanemis ynpasiinas, 2021. — 232 c.

[litpy4HUK MICTUTh PETENbHO BiAIOpaHi 1 CUCTEMAaTHU30BaHI TEOPETUYHI
MOHATTA, IIUPOKUNA HAOIp MPAKTUYHUX HABYAIBHUX MPUKIAAIB, 3a1ad s
CaMOCTIMHOTO PO3B’sI3aHHS, PUCYHKIB, CXeM TOIIO0. BiH po3pobiieHuil s CTyJeHTIB
rany3b 3HaHb 07 Ynpasninus ta anMidicTpyBanHs Ta 12 [ndopmarniitni Texnosnorii. B
KHM31 BUKJIAJCHO SIK TEOPETUYHI BIAOMOCTI TaK 1 METOJM PO3B'sI3Ky OCHOBHHMX THIIIB
3ajay 3 OaraThMa NpUKIagaMu. Bcl TeMu CynmpoBOJKYIOTHCS BapiaHTaMHU 3aBJIaHb
JUIS KOHTPOJIBHUX 1 CAMOCTIHHUX POOIT.

© Ckyparoscbkuii P.B., 2021
© Opurinai-MakeT BuAaBHULTBA «HalionanpHa akagemis ynpasiiHHsgy, 2021



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

NepeamoBa

Hapuanbauii nociOHuk «Buima mMaTteMaTwka» CTBOPEHO aBTOPOM Ha OCHOBI
JEKI[H, AKI YATaB aBTOp MJis CTYJAEHTIB PI3HUX YHIBEPCHUTETIB 31 CIelialbHOCTEHN
«KoMI’rorepHi Hayku, CHCTEMHHH aHaJli3, MNPHUKJIAJHA MaTeMaTukKa |
inpopmaniiini cuctemMm i TeXHOJOrIl» MOPOTArOM 0OaratboX pOKIB, a TaKOXK
MarepialiiB OTHOMMEHHOTO JUCTAHIIMHOTO Kypcy 3a Hampsamamu 7.0913 (122, 113)
«KommoTepHi Hayku Ta 00UHCITIOBAlIbHA TeXHIKay, «[IpukiiaqHa MaTeMaTuKa.

[leit mOCIOHUK € CKIIaJIOBOIO HABUANbHO-MEMOOUYHO20 KOMNIEKCY, SKUNA MiC-

TUTh HABYAIHHUMN MOCIOHUK, TPAKTUKYM, 30IpHUK TUIIOBUX PO3PAXYHKOBUX PO

01T, 301pHUK TECTOBUX 3aB/IaHb.

[TociOHUK OXOIUTIOE MaTepiall 3 BUIIOI MAaTEMAaTHKU BIAMOBIAHO 10 MPOTpaMu
MIATOTOBKY OakajaaBpiB 1H)XKEHEPHO-TEXHIYHUX CIICIIi-

anbHOCTEH «IKIT» 32 TeMamu: MaTpulli Ta BA3BHAYHUKHU; CUCTEMHU JITH1M-

HUX alreOpUYHUX PIBHSAHB; BEKTOPHA ajiredpa Ta JIHINHHI IPOCTOPH; KOMILIEKC

HI YUCJa; TEOMETPIst IPSAMOI 1 IJIOIIMHY; KPUB1 Ta TOBEPXH1 2-TO MOPSJIKY.

[TociOGHUK MICTUTH PETENbHO BiIOpaHi 1 CUCTEMATU30BaH1 TEOPETUUHI

MOHSATTS, IUPOKUM HAOIp MPAKTUYHUX HABYAIBHUX MPUKIIA/IB, 3a]a4 JJIs ca-

MOCTIHHOTO PO3B’sI3aHHS, PUCYHKIB, CXEM TOIIIO.

3acTocyBaHHS BIAMOBIIHUX MAaTEMATUYHUX MOHITH OKPEMO MPOLIIOCTPO-

BAaHO Ha IIMPOKOMY CHEKTP1 MPUKIAT1B EKOHOMIYHOTO Ta TEXHIYHOTO 3MICTY.

Marepian nociOHMKA BUKJIQJACHO Ha JIBOX PIBHAX: 6A30860M) 1 pO3UUPEHO-

my. bazosuii piBeHb MICTUTh O3HAYEHHS, (OPMYIIOBaHHS TEOpPEM, KOMEHTap1 J0
HUX; METOJIM pO3B’SI3aHHS 3a7ay, IPOUIIOCTPOBAHI MPUKIAJAaMU; 3aCTOCYBaHHS
MaTeMaTUYHUX TOHATh 1 METOMAIB. Po3wupenuti piBEHb JIONOBHIOE 0a30BUil
YTOUHEHUMU (HOPMYITIOBAaHHSMHU, T10JaTKOBUMU (DakTamu, TOBEACHHSIMH TEOPEM,

K1 HaBEJIEH1 Y TEKCT1 ApiOHUM mipudToM 1 He € 000B’sa3koBuUMU. Kpim ToOTrO,
MOCIOHUK MICTHUTB:

— mecm 07151 CAMOKOHMPOJIIO;

— nepeik eK3aMeHayiuHux NUmanb;

— icmopuyHi 8i0OMOCMI;

— CNUCOK BUKOPUCMAHOI | peKOMEHO0BAHOI limepamypu.

Cnooisaemocs, Wo yel HaguyaibHULl NOCIOHUK 0y0e KOPUCHUM K OJis

CcmyoeHmie 04Hol, 3a04HOi ma oucmanyitinoi popm Hasuanmns HAY,

mak i O CMYOeHmi8 [HUWUX HABUAIbHUX 3aK1a0i6 NPUPOOHUU020 Mda
neodazo2iun020 HanpsImis.
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I. Jliniiina anreopa

I cemectp

Chnucox YMOBHUX NNO3HAYECHD

CJIAP — cuctema JiHIMHUX anreOpaidyHUX PIBHSIHb.

A,— BU3HAYHUK MATPUIIl OTPUMAHOI 3 OCHOBHO1 MaTPHIIl IIIJISIXOM 3aMiHU i-T'O

CTOBIIIISI OCHOBHOT MaTPHIll Ha CTOBICIIh 3 KOE(PiIlIEHTIB BITILHOTO BEKTOpPA b.

A" — MaTpuIg TPAaHCTIOHOBAHA /10 MaTpHIli 4.

OCHOBHI TTOHATTSA
1.1 Marpumi

O3znaueHHs. Mampuuyero nopsioka m Ha n Ha3WBaIOTh MPSIMOKYTHY TaOJUITIO YHUCE,
sIKa CKJIQJIA€ThCS 3 M PAJKIB 1 7 CTOBIIIIB. 3araJbHUI BUTJIS:

a,; ap a,,
G Gy |y
aml amZ amn

Takox Taka MaTpuIs MO3HadaeThes K A, . UNCIo 4; Ha3MBA€THCS €IEMEHTOM

Matpuii. Yucna i Ta j mo3HAYarOTh BIAMOBIAHI i-THI PSAJOK 1 j-TUW CTOBIEILb, B AKUX
LIEY €JIEMEHT 3HAXOUThCHL.
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TakuM yMHOM MaTpull OyBalOTh HPAMOKYmMHI MX N 1 keadpamnui nxn. IIpo
KBaJpaTHI MaTPUIll PO3MIPHOCTI nXn KaXyTh, [0 BOHU MAIOTh HOPAOOK 1.

[Ipuknan npamoxkymuoi mampuuyi mxn

all alz aln
A — a21 azz aZn
Am1 Am2 e Amn

TpUKYTHOIO MAaTPULIEIO HA3UBAIOTh MATPHUIIIO BUAY

all a12 a13 aln
O a22 a23 aZn
O O a33 a3n
0 0 0 a

JIBi Matpuni A i B po3MIpHOCTI m X 1 HA3UBAIOTHCS PIBHUMU TOJI 1 TINBKH TOAI,
Kol & :ﬂ[j miseeix I, j: 1<i<m,1<j<n,

KOHTpO.]] bHE 3alIUTAHHA:

Ski1o yucno psAAKiB MATpPUIll JOPIBHIOE YHCITY CTOBMIIB, TO SIK HA3UBAETHCS TaKa
MaTpuIs?

T'on06n010 diazonannio KBagpaTHOT MaTPUIIL

HA3UBAIOTh J1aroHalIb 11,5554, .

KBanparHa Matpuid Ha3UBAETHCS 8EPXHLO-MPUKYHIHOIO, SIKIIIO BC1 €JIEMEHTH i€l
MaTpHIIl, K1 3HAXOAATHCS HIKYE TOJIOBHOI JAlaroHasil piBHI HYJIIO:
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all Cl12 Cl13 al

n

0 a, a,...a,

n

0 0 ay...aq

n

0 00 ...a

nn

KBanpatrHa MaTpuils Ha3UBAETHCS QIA2OHANbHOIO, SKIIIO BC1 €IEMEHTH 111€1 MaTPHII],
K1 3HAXOJAThCS HE Ha TOJIOBHIN JlaroHail, piBHI HYJIIO:

a, 0 .. 0
0 a, .. O
0 O a

nn

Ipukaan qiaroHaabHOT MAaTPUIIl OPSIKY 7.

a, 0
0 a,: 0
0 O0 ia

Slkiio Bci eeMEeHTH JlarOHalIbHOI MATpHUIll PiBHI MK CO0O0I0, TO TaKy MaTPHUIIIO
Ha3UBAIOTh CKAIAPHOIO:

..................................

SKI0 eJeMeHTH [i1aroHajbHOiI MATPHUIl PIBHI OJUHUII, TO TaKy MAaTPUIIIO
Ha3UBaIOTh OJIMHUYHOIO, KO HYJIIO — HYJIHOBOIO.

Omnepaliisi TpaHCIIOHYBaHHS MO3HAYA€ThCS CUMBOJIOM "T", 110 BKAa3yeThCs MICIA
. . . T
MO3HAYEHHS MATPUIll Y BEpXHbOMY PEricTpi, Hanpukiag 4 .

10
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OueBusIHO, SKIIO BUXIAHA MaTpuls A Majga po3Mip mxn, TO TPaHCIOHOBaHA
T . .

Matpuus A° Oyne po3mipoMm 7 X m. MaTtpuus-psaiok B pe3yJibTaTl TPaHCIIOHYBAHHS

MEPETBOPIOETHCSI HA MATPUIIO-CTOBIENb 1 HaBmaku. HeBaxko moOauuTu, w10

T —_—
A4; = A;; . Hanpuxnan

Hanpuxnan
127 [12
34 (34"
127
135
34| = .
246
56

Takum 4MHOM, NIJ7I1 OTPUMAHHS TPAHCIOHOBAHOI MATPUIll JOCTATHbO KOXKEH PSIOK
BHUXIJIHOI MATPHIll 3alucaTH Yy BUIJSAMI CTOBMIS PE3YJIbTYIOUOi, JTOTPUMYIOUHUCH
MOPSIAKY IPSIMyBAaHHS €JIEMEHTIB.

T .
Otxe, TpaHCIIOHOBaHA MATpULl — MaTpuud 4 , MO0 BUHUKAE 3 MaTpull A B
pe3yabTaTi yYHApHOI omepailii TpaHCIMOHYBAaHHS: 3aMIHM ii PSAJKIB Ha CTOBIIYUKHU.
T .
®opmanbHO, TpaHcmoHosana Mmarpuus A = (b,) s matpuii A= (a;)

BHU3HAYA€THCA SIK

VY niHiiiHIA anreOpi omepailisi TPAHCIIOHYBaHHSI € MPOMDKHOIO €0, sika POOUTH
3py4Hillle BUKOHAHHS CKJIAIHINIMX MaTPUYHUX MNEPETBOPEHb, IO MAIOTh BIACHY
JIOTIKY.

VY aHani3zi JaHuX orepallisi TPaHCIIOHYBaHHSI 3aCTOCOBY€ETHCS O TAOJIHIlh 3 TaHUMU,
y pe3yJibTaTi CTOBIIILI TaOJHUIIl CTAIOTh PSAJIKAMHU, & PSJIKU — CTOBIILISIMHU.

Osnavenns. KBagparna marpuus M Ha3uBA€TbCA KOCOCUMEMPUUHOIO, SIKILO

M = —MT, ne MT — matpuns TpaHcoHOBaHA BiHOCHO MaTpuii M. IHmmMu
CJIOBAMH 1I€ KBaJpaTHA MAaTPULA, y K01 €IEMEHTH CUMETPUYHI BITHOCHO I'OJIOBHO1
JliaroHai, IPOTUIIEXKHI 10 3HAKY, TOOTO a; =—a, 30kpema a,; =0.

ToOTo 11e MaTpuld BUTIISIAY

11



CkypaToBCcbkHUM Pycsan “Builia MaTemaTuka”

0 a, a,
—ap 0 fea,
aln - a2n O

Marpumna-psa0k (a00 BEKTOP-PAJIOK):

(all ap 4y ;aln)'

Martpuriia-ctoBnelib (a00 BEKTOP-CTOBIEID):

[ToMiTuMO, 1O MaTpPULS-PAIOK JOPIBHIOE TPAHCIMOHOBAHIM MaTpPHUIII-CTOBIIIO 1
JIOPIBHIOE:

(all a, dpj Ealn): as,

* @
. @
[_']H,'li:}l{—l- . »
* @
)
CTOBIECUE
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Puc. 1.

TpanemiiioBuIHa MAaTPHUIIS:

....................................................

....................................................

O3nauenns. /[Bi matpuii 4 1 B Ha3MBalOTh PIBHUMH, SKIIIO BOHU OJHOTO PO3MIPY
Ta TXH1 BIIMOBIHI €JIEMEHTH PiBHI MK CO00I0 a; = b,.j )

1.2 [ii Hax MmaTpuusiMu
JlonaBaHHs MAaTPpHUIb:

a,  ap i, b, by, by, aj +by  a,+by, Ly, +b,
G Gy Gy \* by by by S| aythy  apthy |4y by,
aml amZ amn bml me bmn aml +bm1 amZ +bm2 amn +bmn

BrnactuBocTi onepairii Jo/1aBaHHS:
A+B=B+A4, (A4+B)+C=4+(B+C).

MHo:xxeHHA Manl/IIIi Ha YHUCJIO0:

)"all )"aIZ )"aln
Aay  Aay : Aay,
Mml MmZ an

MHo:xxeHHA MaTpulb

Muoxncenna mampuys — 1ie 61HapHA omepallis, sika BUKOPUCTOBYIOUHU JB1 MaTpHIli,
YTBOPIOE HOBY MATPUIIIO, $Ka Ha3UBa€Tbcs J00yTKOM Matpuilb. JlificHi abo
KOMIIJIEKCHI YMCJIa MHOAThCS BIJMOBIIHO 10 PaBWII €IEMEHTapHOI apuMETHUKH. 3

13
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IHIIOr0 OOKYy, MaTpUIll € MACUBAMU YHCEJ, TOMY ICHYIOTh Pi13HI CHOCOOM BU3HAUUTHU
n00yTOK MaTpullb. TakuM YMHOM, 3arajoM TEPMIH «MaTPUYHE MHOXKEHHS» O3HAYae
pi3H1 crlocoOM MEepeMHOXKEHHSI MaTpullb. KitouoBUMHU OCOOIUBOCTIMU OYIb-SKOTO
MaTPUYHOTO MHOXKEHHS €: KUIbKICTh PSAKIB 1 CTOBIIIIB, B TOYaTKOBUX MATPHUIIAX, 1
IIPaBUJIO, SIK €IEMEHTU MaTPHIb YTBOPIOIOTh HOBY MaTPHLIIO.

Hexait nano aBi npsAMOKYTHI MaTpuili 4 1 B po3MIpPHOCTI m X1 1 1 X¢g BIANOBIIHO

a, 4y ... 4, b, b, ... b,
a,, d, ...d b, ... b
21 U 2 b1 U b
A=\~ =~ 7|, B=|" 7 .
_aml amZ amn a _bml me bmn _

Toni matpuiist C poO3MIPHICTIO 7 X ¢ HA3UBAETHCSA iX JOOYTKOM:

Cll Clz LR Clq
Cy Cyy v C
21 ¢m 2
C= e e >
| Cot Crp o Cpy |
ne:
n
¢, =2 a,b; (i=12,..9).

r=1

Omnepariss MHOXXEHHSI JABOX MaTpUlb 3[1ICHEHHA TUIBKM B TOMY BHIAJKY, SAKIIO
YKCJIO CTOBIILIB B MEPUIOMY CIIIBMHOXKHHUKY JOPIBHIOE YUCIY PANKIB Y IpYyromy; B
bOMY BHIAJKy T'OBOpAThH, IO (OpMa MATpULb Y3rO/pKeHA. 30KpemMa, MHOMXKEHHS
3aBKAM 31MCHUMO, SIKIIIO 00MIBa MHOXXHHUKHA — KBaJpaTHI MATPHUIIl OJJTHOTO 1 TOTO XK
nopanky. Cmig 3ayBakWTH, IO 3 ICHYBaHHS J0OYTKY AB 30BCIM HE BUIUIMBAE
ICHyBaHHS 100yTKY BA.

14
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Bifomo, WO BH3HAYHHUK MATPUIli TPHA TPAHCHOHYBAHHI MaTpWIll HE

3MIHIOETBCS, BIIMOBIIHO SIKIIO sIKa-HEOYJb BJACTUBICTh JIOBEAEHA JJI PAIKIB, TO

BOHA J0OBEACHA 1 IJIs CTOBIILIIB.
SIkmo mepecTaBUTH MICIIMH ABa PsAAKd (a00 JBa CTOBMIl), TO BHU3HAYHHK

30epexe CBOE aOCOIOTHE 3HAYCHHS, aJie 3MIHUTH 3HAK.

15
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1.3 UYwuciioBi XapaKTepUCTUKHA MaTPUILb

1.3.1 BuszHayHUK MaTpHIli

Buznaunukom [2] xBaapaTHOI MaTpHUIll TOPSIAKY 7 (UM BU3HAYHUKOM MOPSJIKY 71)
HA3MBAETHCS aNredpaiuHa cyma ycix MOXKIUBUX JOOYTKIB €JIEMEHTIB MaTpPHILI, 110
B3$T1 110 OTHOMY 3 KOKHOTO psJIKa Ta MO OJHOMY 3 KOKHOT'O CTOBITUHKA.

Jlig 00uKciieHHsT BU3HAYHUKA MIJPAaX0BYEMO alNredpaiyHy cymy 100yTKiB
eneMeHTIB Marpuili. Koxen takuii 100yToK a,, a,, ...d,, OepeTbes 31 3HaKoM +
AKILO 1HIEKCH &,,d,,...,a, YTBOPIOIOTH MAPHY NEPECTAHOBKY [2], Ta 31 3HAKOM - ,

AKIIO 1HACKCH Q,,Q,,...,&, YTBOPIOIOTH HEMAPHY MEPECTAHOBKY:

n| _ _ 1\iv(a,a,..ay)
- Z( 1) alot1 a2a2 Tt anan

a, a, .. a

nl nn

B ninomy takux no0OyTkiB € n!

Cxema OOuuciieHHs] BU3HAYHUKA 3-T0 MOPSAJIKY:

_I_ =

* A

Puc. 2. O0uuncieHHs BU3HAYHUKA
det 4, ; = a,,a,,a5; + a,,0,,05, + Q30,05 — Q305,05 — A1,0y,055 — Q05305

16
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CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

BiacTuBOCTI BUBHAYHHMKA:

1. BU3HAYHUK MaTpulll TP TPAHCHOHYBAHHI HE 3MIHIOETHCS, BIAMOBIAHO SIKIIIO
saKa-HeOy1b BJACTUBICTh JOBEEHA JISl PSKIB, TO BOHA JIOBEJICHA U /171 CTOBMIIIB.

2. Sxuio 3MIHMTH MICISIMU JBa psiiku (200 ABa CTOBIIII), TO BUZBHAUHHUK 30epeike
cBO€ a0COJIOTHE 3HAYCHHS, aji¢ 3MIHUThH 3HAK.

3. JluniitHa BIacTUBICTh BHU3HauHMKa: Hexait maHo psaku (CToBMI) a,,d,,...,d, .
Cyma noOyTKIB IMX PSAKIB (CTOBIIIIB) Ha JOBUIbHI YMCIIa HAa3UBAETHCS JIMHIKHOIO
KOMOIHAIlI€I0 PAAKIB (CTOBMIIB). SKIIO j-i cTOBHENb (i-Uil pAIOK) € KOMOIHAI[IEIO
cTOBMIIB (pAIOKIB) 4a,,d,,..,a,, TOOTO € BHpa3oM / sABIse CcoOOK BHUpa3
,a, +0a,a, +...+a,a,, TO BU3HAYHUK Il1€1 MAaTpuUIlll JIOPIBHIOE CyMi1 BU3HAYHUKIB
QA +o,A, +.+ oAy, 1€ A, OTPUMYETHCS 3 BUXIJHOTO BH3HAYHHUKA 3aMIHOIO j-T'O
CTOBIIIIA (i-OTO PsJIKA) CTOBIIIEM (PSIKOM) q, .

JI7ist foBeACHHS PO3IIISTHEMO BUMAJ0K, KOJIU j-i CTOBIELD € JIHIMHOIO

KOMOIHAI[I€IO IBOX CTOBIILIB:

N ! " N N ! N N " N
4 G ady +ﬂal_j GQjn  Djs i G G GGy Gy Gy Gy A G4y Gy Gy i
H ! " H _ . .
Ay Ay Uy +ﬂaz_/ it Gyjun | op| =0y Ay 1 Gy Gpjy oy @ Goy| TPy Gy i Gy Gy Gy i Gy,
""""""""" T S I e S S S
Ay A C(anj +ﬁ1nj arg/+1 arg/+2 Py Ay A anj af1_/+1 an_/+2 Py Ay Ay anj af1_/+1 anj+2 Py

4. Sxuio BUBHAYHHMK MA€ JIBa OJTHAKOBUX psifKa (CTOBIILSA), TO BiH JIOPIBHIOE HYIIIO.

5. Skmo psgok (CTOBMENb) MOMHOXUTH Ha OYJlb-KE/IOBUIBHE YHCIO, TO 1
BU3HAYHUK MHOXXUTBHCS HA 1€ 3K YHCIIO.

6. SO BH3HAUYHUK MICTUTH JIBa NPOMOPLIMHUX PAIKH (CTOBII), TO BIH
JIOPIBHIOE HYIIIO.

7. Slkmio BCi €IeMEHTH OJIHOTO 3 PSAKIB (CTOBMI[IB) JOPIBHIOIOTH HYJIO, TO 1
BU3HAYHUK JIOPIBHIOE HYIIIO.

8. dkmo no Oynp-sKoro psnka (CTOBMIS) OAATH IHIIUA PSAJOK (CTOBMEND),
MIOMHOKEHUI Ha OyJlb-sKe/JOBUIbHE YUCIIO, TO BUBHAYHUK HE 3MIHUTHCA.

9. Cyma n00yTKiB €JI€MEHTIB OJIHOTO psijika (CTOBIILS) Ha anreOpaiuHi TOMOBHEHHS

THIIIOTO PsiJIKA (CTOBIIIIS ) JOPIBHIOE HYIIIO.
18
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10.BuzHauynuk oguHUYHOT MaTpuIli piBHUH onuaMIi: det(A4) =1.

KonTponbH1 3anuTaHHs

1. Yomy piBHUN BU3HAYHUK MATPHIIl 3 ABOMA PIBHUMHU PsIAKAMHU (CTOBIISAMM)?

EjeMeHTapHi nepeTBOPEHHSI MATPHIL]
EnemeHntapHuMu nepeTBOPEHHSIMHU MaTPUIll HA3UBAIOTHCS :

1. IlepecTtanoBka ABOX PSAJKIB (CTOBIIIIB) MAaTPHUIIl MICISIMH.

2. MHoxeHHsl psSAKiB (CTOBIILIB) MaTpUIll HA JAOBLIBHE YHCIO, K€ HE JOPIBHIOE
HYIIIO.

3. JlomaBaHHs OAHOTO psiaKa (CTOBIIIS) MATPHINl JO I1HIIOTO, TTOMHO>XEHOTO Ha
ckainsap He piBHHI 0, psanka (CTOBIIS).
3ayBaxxuMo, 110 111 IePETBOPEHHS 30€pIraloTh exgiganrenmuicms MaTpuls [ 1, 2].

Teopema T'aycca: JIOoBUIbBHY HEHYJIbOBY MAaTPHUI0 3a  JOIOMOIOIO

€JI€MEHTapHUX NEPETBOPEHb MOXHA MPUBECTH /10 Tpareuienoi0Hoi Gopmu.

1.3.2 Cucremu JiHidHuX piBHAHB i MeToa Kpamepa

= (O3HauyeHHA. Cuctemolo 3 m anrebpaiyHUX NiHIMHUX PiBHAHb 3 77 HEBiAOMMMMU

Ha3MBAETbCA CYKYMHICTb PIBHAHbL, Y KOXHOMY 3 AKWUX € HEBIAOMI X|,X), ...,X,

HafABHi Y NepLUin CTeneHi:

a,x, +a,x,+..+a, x, =b,

a x, +a, x,+..+a, x =b

m?
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fle uncna a;; ( i=lm; j=Ln ) - KoeiliEHTU NPUN HEBIAOMMUX, i - HOMEP PIBHAHHA,

j- HOMep HeBIAOMOI, b; - BilbHi YneHu.

= Po3B’a3kom CJ/IAP Ha3nBa€ETbLCA BNOPAAKOBAHMM Habip 3HaYeHb HEBIAOMMX

X:(xl,_X2, ...,xn):(clacza 9Cl’l)’

AKUM NMPU NigCTAaHOBLiI B KOXHE PiBHAHHA CMCTEMM 3aMiCTb HEBIAOMMUX BiAnoBigHO

X1,X9 ,..., X 00epTae ixy BipHi PiBHOCTI.

= Po3B’asatu CJ/IAP — ue 3HauuTb BKa3aTu BCi pPO3B’A3KM cuctemun, To6TO € TaKi

Habopu 3HaUYeHb HEBIAOMMUX, AKI 06E€PTAIOTb PIBHAHHA CUCTEMM B TOTOXKHOCTI.

Cuctema NiHiMHMX piBHAHb HA3MBAETbLCA:
a) CYMiCHOI0, AKLLO BOHA MA€E X04 61 0ANH PO3B’A30K;
6) HeCyMiCHOIO, AKLLLO BOHA HE MA€E PO3B’A3KIB;
B) BUSHAUYEHOIO, AKLLO BOHA MA€E OAUH PO3B’A30K;
) HEBU3HAUYEHOIO, AKLLO BOHA MA€E HECKIHYEHY MHOXMHY PO3B’A3KiIB;
) OAHOPIAHOIO, AKLLO BCi BiNbHi YaeHn pasHi Hyato by =by =...=b,, =0;

e) HeogHopiAHOIO, AKLO icHye b; # 0.

Metoa Kpamepa po3B’si3Ky cucTeM JIiHINHUX PIBHAHD

Mpasuno (metoa) Kpamepa 3aCTOCOBYETLCA A0 CUCTEM, Y AKUX YUC/IO PiBHAHb

piBHE Yncay Hesigommx. Llen meTo BUKOPUCTOBYE BU3HAYHUKMU.

[Jamo KopoTke TeopeTuuHe 06rpyHTYBaHHA Lboro metoay. Meron Kpamepa
20
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PozrisitHemo cuctemy 7 JIIHIMHUX PIBHSAHD 13 7 3MIHHUMU

o X+ X, +..04,X, = ﬂl
Ay Xy + U Xy +..0,X, = B, (1.3.2.1)

o,x+a,x,+.o x =

nn-n

Haj nosieM F. ITo3zHaunmo dyepe3 4 OCHOBHY MaTpHLIO Li€l cuCTeMu: A = Haik

Teopema: k10 ‘A‘ # (), TO 1151 cucTeMa JIIHIMHUX PIBHAHb MAa€ €UHUN PO3B’SI30K,

10 BUpaXaeThes y (popmyax

x =4 (Bt BA,

§ (13.2.2)
ey X, :‘A‘ (ﬂlAln +“‘+ﬂnAnn)’

Hosenenns. [loxnanarouu, mox, = a,,x, = ,,....X, = Q, 3a0ULIEMO II0YaTKOBY

CUCTEMY Y BUTJISI/I1 MAaTPUYHOTO PIBHSHHS
AX = b, (1.3.2.3)

PIBHOCHJIBHOTO BUIIIEBKA3aHii cuctemi. [3 ymoBH, 110 ‘A‘ # (0 BUXOAUTH, IO PAIKH
MaTpuIll A JiHiHO He3anexHi Ta cuctemu (1.3.2.1)1(1.3.2.3) maroTh equHe

. — . . _ -1 *
pimenns X = A~'b. 3Bincu, ockinbku A~ :‘A‘ A*, ne A — TpaHcnoHoBaHa

All tee Anl ﬁl
. 1 -1 .
MaTpHIIA 3 anreOpaiyHuX JOMMOBHEHb, TO OTPUMYEMO A b = ‘A‘ ...... C | =

....................

BA. ..BA. x| |4 BA,...B.A4,)

I3 ocTanuboOi piBHOCTI 1 cininyroTh hopmynu Kpamepa (1.3.2.2).
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1.3.2.1 Cucremu 3 1BOMa PiBHSIHHSAMM i IBOMA HEBIIOMUMHU

Po3rnaHemo cucTemy NiHIMHUX PiBHAHb

{anx +apy=>b,
arix+ansy= bz.

3Hangemo BignoBigHi o metoay Kpamepa BU3HAYHUKMK:

Aol @zf o _|hean _lain by
= AL = y Ay = .
a| ap by ap a1 by
Tyt
a a2 o .. .
A= — BW3HAYHUK CUCTEMU, CKAadeHWn 3 KoediljieHTiB npwu
a a
21 22
HeBIAOMMUX;
by a
A, = ! 120 _ Ue BM3HAYHWUK, OTPMMAHWUMN 3 BU3HAYHUKA A 3aMiHOIO
Yoy am

cToBNuUA KoedilieHTIB NpM X HaA CTOBMNEeub CTOBIEHb 3 KOEQIMIEHTIB BIJILHOTO

BEKTOpa b (CcTOBNELb BiNbHUX YNEHIB);

a1 b
A:lll

y — Uue BWM3HAYHWUK, OTPUMAHWUM 3 BM3HAYHMKA A 3amiHOO

az, by

ctoBnuA KoedilieHTIB NpU ¥ Ha CTOBMELb BiIbHUX Y/EHIB.

1. Akwo A # 0, To cuctema cymicHa i BU3HaUeHa, TOO6TO Ma€e EAUHUMN PO3B’A30K,

AKWNIA 3HaxoauTbca 3a popmynamm Kpamepa:
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2. Akwo A =0, ane xo4 61 0AMH 3 BU3HAYHUKIB A, , Ay BiAMiHHWM Bif, HyNA, TO

cucTema He mae po3B’A3KiB (HecymicHa).

3. Axkwo A=Ax=Ay=O, TO CUCTeMa Ma€E HecKiH4eHHo 6arato po3B’a3KiB

(cymicHa i He BU3HaueHa).

Mpuknapg 1. Po3s’s3atn 3a gonomoroto metoaa Kpamepa cuctemy piBHAHb

2x—y =4,
3x+4y=-5.
2 - N
A= ‘3 ‘ =2-4-3-(-1)=11%0, Tomy C/IAP mae eguHnin po3B’A30K.
4 —
AX:—S =16-5=11, A, = ~ =-10-12=-22.
A, 11 Ay  —22
Togi x=—>Y=—=1; y=—=—""=-2,
ATTATH YA T

BignoBsiab: cuctema piBHAHb CyMicHa i BM3HA4yeHa, ii €AMHUN pPO3B’A30K

X = -2).

Mpuknapg 2. Po3s’s3aTn 3a Aonomoroto metoay Kpamepa cuctemy piBHAHb
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3x-2y=1
6x—4y=0

Po38’a30K

3 -
BM3HAUYHMK cucTemun OOpPIBHIOE HyAto: A :‘6 4‘ =-12+12 =0, npoTe oguH

1 -
i3 AOMNOMIXKHMX BU3HAYHUKIB HE AOPIBHIOE HYAKO: A = =4+2=-2+#0,
1

3HauuTb, C/IP He mae po3B’a3kis, To6To C/IP HecymicHa.

MW TaKoOX MO3HAaYaTUMEMO BU3HAYHUK MATPULI B AKiM 3pobneHa 3amiHa Ha

CTOBIELb 3 KOE(IIEHTIB BUIBHOTO BEKTOpa b (CTOBNeLb BiIbHUX YneHiB) Ak A, ,

AKWO 3pobneHa 3amiHa Apyroro CTOBMUA Ha CToOBMNeup 3 Koe(ilieHTIB BUILHOTO

—

BEKTOpa b — A, AKWO 3pobneHa 3aMiHa TPETbOro CTOBMLA Ha BEKTOP CTOBMELb

—

BiNbHMX UneHiB b — A .

Mpuknag 3. Po3s’s3aTn 3a gonomoroto metoay Kpamepa cuctemy piBHAHb

3x+5y =4,
Ox+15y =12.
Po3s’a3ok
3 5 4 5 3 4
A: = ), x: = ,Ay: =
9 15 12 15 9 12

Tomy cuctema mae HeckiHYeHHO 6a2amo po38’sa3kKis.

Po3ainnswin KoedilieHTH 2-ro piBHAHHA Ha 3, OTPMMAEMO:

3x+5y =4,
3Ix+5y=4
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3a/IMWKNMO TiIbKM OLHO i3 UMX piBHAHL: 3x+5y=4.

4 —3x
5

Bupasumo y uepes x:|y = , 3HAYEeHHA X - byab-aKe gincHe uncno. Le i

€ BMpa3s Aansa cninbHoro po3s’asky CJ/IAP. BianoBigb MOMHa 3anucatm Tak:

X:(x; 4_53xj,p,e xeR|

Hapatoun x pi3Hi 3Ha4YeHHs, Oyaemo OTPMMYBaATU HECKIHYEHY MHOMXUHY
, 4-9 : y
yacmkosux po3e’a3kie. Hanpuknag, npu x =3 OTPMMAEMO ) = ? =—1inepwwni

. , 4+21
yacTkoBui po3B’asok (3; —1). Mpu x=-7 oTpumaemo y =

=5 i gpyrni

YyacTKoBMI po3B’a3ok (—7;5), i Tak aani.

1.3.2.2 Cucremu 3 TPbOMA PIBHAHHAMHM TPHOMA HEBIIOMUMHU

PosrnaHemo CJ1P

apx +apyt+tazz= blr
ar1x+ajspy+ajzzz= bz,
az|x +azpy+azzz= b3.

OBYUNCNIOOTLCA BUSHAYHUKMU:

ay app a3 by app a3
A=lap; apx ax|, Ay=by ax asl
as; azy asj by azp azz
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ayp by oapg ayp app b
Ay =lay; by ax3|, A, =lay axp by|.
a1 bz azz ay; azy b3

1. Akwo A #0, To cuctema mMae €AUHUU PO3B’A30K, AKUIA 3HAXOAUTbLCA 3a

dopmynamum Kpamepa:

2. Akwo A =0, a xo4 61 0OAMH 3 BM3HAUYHMKIB A, A A, BiAMiHHWA Bif,

yl

HYNf, TO CUCTEeMA He Ma€E Po3B’A3KIB.

3. Akwo A=A, = Ay =A, =0, TO cuctema Mmae HecKiH4eHHO 6araro

po3B’A3KiB.

Mpuknag 4. Po3B’A3aT cUCTEMY NiHIMHUX PIBHAHb

x-y+z=0
X +2z=-1
y—z=1
CKknagemo BU3HauyHMEe 3 KoedilieHTiB npu HeBigoMUX | o0bpaxyemo:
I -1 1
A=]1 0 2|=0+1-0-0-2-1=-2=0,
0o 1 -1

3HauuTb, C/IP Ma€e eanHNIA PO3B’A30K.
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3Hanaemo AOMOMiKHIi BU3HAYHUKM | 3HAYEHHS HEBIAOMMUX.

0 -1 1 N ,
A,=|-1 0 2|=-1-2+1=-2, x="L="Z—3
A =2
11 -1
1 0 1
A,=|1 -1 2|=1+1-2=0 —A—y—i—o
y YT T T
0 1 -1
1 -1 0 N
A,=|1 0 —l=1+1=2, z="2=" =],
A =2
0 1 1

Bianosiab: Cuctema cymicHa i BU3HAUYEHa, EANHUIA PO3B’'A30K
X =(x; 3, 2)=(1; 0, 1).

PosrnaHemo npuknag, y akomy C/IAP mae HecKiH4eHo ba2zamo po3e’sa3Kie,
i BOHM ByayTb 3HAMAEHI 3 BUKOpUCTAaHHAM dopmyn Kpamepa.

Mpuknapg 5. Po3s’szatn C/1P

X1 —Xp +X3 = 0,
X1 +2X3 =-1,
2X1 — X7 +3X3 =-1.

Po38’a30K

O64YMCNINMO BU3HAYHUK CUCTEMMU:
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1 -1 1
A=1 0 2[=0
2 -1 3

3ayBa)KMMO, WO TPETE PIBHAHHA CUCTEMM [OPIBHIOE CYyMi nepwmx ABOX

PiBHAHb, TOOTO 3aN1€XMUTb Big NepWNX ABOX PiBHAHb.

BiAKMHYBLWM TpeTE PiBHAHHA, OTPUMAEMO PIBHOCUNBbHY CUCTEMY ABOX PIBHAHDL 3

TPbOMa HEBIAOMUMMU:

X] — Xy +X3 =0,
X1 +2x3 =—1.

3aAUWMBLUM Yy NIBIM YaCTUHI CUCTEMM Ti HEBIAOMI, Koe(ilieHTM NpU AKUX

YTBOPOKOTb BUZHAYHMK, AIKUN HE AOPIBHIOE HYIO.

Hanpwuknag, koedilieHT Npn xq i Xy YTBOPIOIOTb BU3HAYHMK
I -1

=1#0
I O

Tomy 3anMIIMMO Y NiBiMA YaCTUHI PIBHAHbL AOAAHKM 3 X] | X5, @ AOAAHKU 3 X3

nepeHecemo y npasy YaCTUHY 3 NPOTUNENKHUM 3HAKOM.

Hesigjome x3  Ha3Bemo 8i1bHUM, a HeBigomi X i X, - 6asucHumu

HesidomMuMu.

3anuwemo cuctemy y BUrnaai
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X1 — Xy =—Xx3,
X1 =—1—2x3

i 3aCTOCYEMO A0 Hei npasuno Kpamepa:

BM3HaYHWK OCHOBHOI MaTpULLi cucTemm

I -1
A= =1.
1 0
—X 1
= =0+ (-1)(-1-2x;) =1+ 2x,. Tomy Maemo po3Bs30K
—1-2x;, 0
1:ﬁ_1+2x3:1+23
A 1
1 — X3
Ary = =—1-2x7y —(—x3)=-1-x s
S P EEEE R R
Az —I—X3
IR T s

Bupasmmo 3aranbHU po3B’A30K Y BUrNALi BEKTOPA

X=(1+2x, -1-x;, x;,)| x, €l

Lle 3a2anbHuli po3e’a3ok HeeusHayeHoi C/IAP, ne x3 — BinbHa 3MiHHa, AKa Habysae

6yAb-AKUX AiIACHUX 3HAYEHD.

I3 3aranbHOro PO3B’A3KY MOXHa OTPMMaTN YOCMKOBi p036’A3KuU, AKLLO HaAaTH

BINIbHIN 3MiHHIii fiKe-HeOYAb KOHKPETHE 3HAYeHHS 3 06/1aCTi BUSHAYEHHA CUCTEMM.
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Hanpuknag, Hexan x,=1, Togai x, =3, x,=-2; TOAi 4aCTKOBMA PO3B’A30K

X =(3,-2,1). I Tak gani.

A AKWO HagaTW BiNIbHIN 3MIHHIA X, 3Ha4yeHHA -1, TO OTPMMAEMO iHLWWNI

yacTkoBuit poss’asok X =(-1,0,-1).

Meton I'ayca — Kopaana po3B’si3ky cucrem CJIAP

Meron "'ayca — XopaaHna BUKOPUCTOBYETHCS JIJisi PO3B'A3aHHS CHUCTEM JIIHIMHUX
anreOpaiynux piBHsIHL (CJIAP), 3HaxomKeHHS OOEpPHEHOT MaTPUIll, 3HAXOJKEHHS
KOOpJAMHAT BEKTOpa y 3aJaHoMy O0asuci, BIIUIYKAaHHS paHry martpuii. Mertona €
Moaudikamiero meroay ['ayca, ikuil Takox 3aCTOCOBY€eThCs it po3B’sizaHHss CJIAP.

AJnroput™m

1. Obupaethcs nepia 371iBa KOJIOHKA, [0 MICTUTh X04U OJHE HEHYJIHOBE
3HAYCHHS.

2. SIKuio BepXHE YUCIO Y 11 KOJIOHIII - HYJb, TO MEPECTABISAIOTh YBECH MEPIIUIA
PAIOK MATPHUIIl 3 THIIUM PSJIKOM MATPHILL, 1€ Y 11l KOJIOHIII HEMA€E HYIIS.

3. VYci eleMeHTH NEepUIOTo PsAKa IUIATHCS HA BEpXHIN €JIeMeHT 00paHol
KOJIOHKH.

4. Bin psakiB, 10 3aUIIMINCH, BIIHIMAETHCS MEPIIUNA PSAJIOK, TOMHOKEHHUM Ha
MEPIINI eEeMEHT BIAMOBIAHOTO PSKA, 3 METOI0 OTPUMAHHS HYJIS B IEPIIOMY
€JIEMEHTI KOJKHOTO psifiKa (KpiM MEepIoro).

5. Jlami, moBTOpIOEMO 111 OTepallii 13 MaTpUIICI0, OTPUMAHOIO 3 IOYAaTKOBO1
MaTpHUIIi MICJIsl BUKPECIIOBAHHS MEPIIOTo PsiKa Ta MEPIIOro CTOBMYMKA.

6. Ilicns moBTOpeHHs onepalii 7-1 pa3iB OTpUMAEMO BEPXHIO TPUKYTHY

MaTPHIIIO.
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7. BigHiMaemo BiJ IEPEAOCTAHHBOIO PsAJIKA OCTAHHIN PSAOK, TOMHOXKEHUN Ha
BIAMOBIAHUYN KOe(IIieHT, OO Y MEPEIOCTAHHROMY PSIIKY 3aJIUIINUIIACE JTUIIIE
1 Ha rojoBHIN JAiaroHaIl.

8. TloBTOproemMo momnepeHiil KpoK Jjisl HACTYIHUX PSAKIB. Y pe3ysbTaTi
OTPUMYEMO OJMHUYHY MATPUILIO 1 pO3B’ 30K HA MICIIl BIILHOT'O BEKTOpa (Ha

HUM HEOOX1JHO BUKOHYBATH Tl CaMi MEPETBOPEHHS ).

Mpuknaa. Po3s’a3aTn 3aaa4y BUKOpUCTOBYOYM meTo, Mayca. Hexah maemo
CYKYMNHICTb BEKTOPIB a; = (1, 3, 1), a, :(2, 1, 1), a; = (3, -1, 1). MepesipnTH Ha
3a/1E€XKHICTb L0 CYKYMHICTb BEKTOPIB.

O64YMCNINMO BU3HAYHUK MATPULLi, CKNAZEHOI i3 KOOPAMHAT BEKTOPIB

12 3
[4=[3 1 -1=1-2+9-3+1-6=0.
111

OT)Ke, AaHa CYKYMHICTb BEKTOPIB € JIiHIMHO 3a/1eXHOI0.
LLlo6 BCTaHOBUTU L0 3aN1€XKHICTb 3aNULWLEMO CUCTEMY OAHOPIAHMX PIBHAHD,
NOPOAXeHY piBHICTIO kia; +k,a, + kya; =0:
ky+2ky +3k; =0,
3k +ky —ky; =0,
ky +ky+k;y =0.
HeobxigHo 3HalTK xo4a 6 0AMH HEHY/IbOBMI PO3B'A30K CUCTEMM PIBHAHb, IKA MAE

6e3niy po3B'A3KiB \A\ = 0. AnAa 3HaxXoAKeHHA PO3B'A3KY CKOPUCTAEMOCb METO40M

layca. nAa uboro 3anmiemo po3WwmnpeHy MaTpuLo cCUcTemu

1 2 3|0 1 2 310 1 2 30 1 2 30
3 1 -10(~|0 -5 -100|~{0 1 20(~|0 1 20].
1 1 1|0 0 1 210 0 1 20 0 0 00

OCTaHHIN po3WMPEHiIN MaTPULLI CUCTEMM BiANOBIAAE Taka CUCTEMA PiBHAHD:
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ky +2ky =0,
0=0.

OTpUMann CUCTEMY ABOX PiBHAHb 3 TPbOMA HEBIAOMUMMU. Y LbOMY BMMNAAKY

HeBigoOMa k; € HE3aNEeXHO, MOXKe NPUMMATK OBINbHI YNCNOBI 3HaYeHHA. [1Bi iHLWi
HeBigoMmi k;, k, 3anexaTtb Bif HEBIJOMOT k; Ta BU3HAYalOTbCA Yepes Hei PIBHOCTAMM
k, =—-2ky, k =k;. Mn HasuBaemo k; BiNbHOW0 3MiHHOW0. AKWO B3ATM k, =1, TO
3a/1eXHi 3MiHHI HabyayTb HacTynHi 3HavyeHHA k, =1, k, =2, T06TO MK OTpMMyeEMO

TaKY 3aN1€KHICTb MiXK BEKTOPaAMMU:

a,—2a,+a,=0,abo a, =2a,—a,.

KOHTpOnbHi NUTaHHA

1. 3anumiiTh 3aradbHUNA BUJ CUCTEMH 2 JIHIMHUX PIBHSIHB 13 TPhOMa HEBIJIOMHUMU.
[I{o Ha3zuBaeTbCs po3B’siskom CJIAP?
[I{o 3HaYUTh «PO3B’A3aTH CUCTEMY JIHIMHUX PIBHSHB»?

Ski cucteMu NHIMHUX PIBHSIHb HA3UBAIOTHCS CYMICHUMU 1 HECYMICHUMU ?

A

3a AKk0i yMOBHM CUCTE€Ma n JIHIMHUX PIBHSHb 3 n HEBIJIOMHUMH Ma€ €IUHUIN

PO3B’S30K?

6. 3anuiite popmynu Kpamepa a1 po3B’ 43Ky CUCTEMU JIHIMHUX PIBHSHb. B sxomy
BUIIaJIKy BOHU MOKYTbh OYTH 3aCTOCOBaH1?

7. Sk, 3HAKOUM 3arajbHHUI PO3B’S30K, 3alMCATH YACTKOBHUU PO3B’SA30K HEBU3HAUYECHOT

cucremMu?
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1.3.3 Ilpukiaau po3Bsi’3aHHSA 3a1a4 3 JIiHIHHOI ajredpu

s crierl. [adopMmariiiiii CuCTeMu 1 TeXHOJIOT 1.
Ipukaan. /lana cucrema JUHIHHUX anreOpaiuHUX PiBHSIHb

(2x,+3x,+ 4x,—5x, =

0
X+ x,+ Sx,+2x,= 7
2x,+x, + 3x,+2x, =

4

x +  x; +4x, =

1. Bunucatu ocHoBHY MaTpuilto koediieHTiB 4 1 BiibHUM BekTop b CIIAP

Po3B’A30K
2 3 4 -5 0
1 1 5 2 7
A = b =
21 3 2 4
1 01 4 4

2. IlopaxyBaTu BU3BHAUHHUK MATPUIll A METOJOM i1 pO3KIaay 3a PSAIKOM 1 3a

CTOBIILIEM.
Po3B’A30K

Po3knagemo 3a 4eTBEpTUM PSIKOM, OCKUTBKU BiH MICTUTH () 1 OAMHUYHI KOe(IIIEHTH
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2 3 4 -5
3 4 -5 2 3 -5 2 3 4
\A\—l b2 ==D*""1)1 5 2(+E=D™ 1 1 2+ (=D*"4]1 1 5|=
21 3 2 -
1 3 2 2 1 2 2 1 3
1 0 1
=—3-5-2+1-4-2-1-3-5+1-5-5-3-3-2—-1-4-2)—
-(2-1-2+2-3-2-1-1-5+2-1-5-1-2-2-1-2-3) +
+4(2-1-3+2-3-5+1-1:4-2-1-4-2-1-5-1-3-3)=19
Bignmosiab: 19.
3. 3naittu po3B’s30k CJIAP 3a popmynamu Kpamepa.
0 3 4 -5
3 4 -5 0 3 -5 0 3 4
_7 1 5 2 _ 4+1 4+3 4+4 _
A = =-D"-1-1 5 2(+C-D"-17 1 2|+(-=D"-4-7 1 5|=
4 1 3 2
1 3 2 4 1 2 4 1 3
4 01 4

=—30+8-15+25-28-8)-(0+24-35+20-0-42)+4(0+60+28-16-63-0)=-19

2 0 4 -5
7 5 2 1 7 2 1 7 5
1 7 5 2 1+1 143 1+4
A2:2 43 s =(=D""-2-14 3 2/+(=D"-4-2 4 20+(-D"*-(-5)-2 4 3|=
4 1 4 1 4 4 1 4 1
1 41 4

=2(84+40+8-24—14—-80)+4(16+14+16-8—8—56)+5(4+21+40—-20-12-14)=19

b
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3 0
1 7=
1 4

4
5=
3

2 3 0 -5
30 -5 2 3 -5 2
A—l b7z ==D*"1-1 7 2(+C=D"41 1 2]+(=D**"-4-1
201 4 2
1 4 2 2 1 2 2
1 0 4 4
=—(42+0-204+35-24-0)-4(4+12-5+10-4-6)+4(8+42+0-0-14-12)=19;
2 3 40
340 2 30 2 3
11 57 441 443 4+4
A, = ==D*"1-1 5 7|+E=DT 1l 1 7+ (=DM 4
2 1 3 4
1 3 4 2 1 4 2 1
1 01 4

=—(60+28+0-0-63-16)—(8+42+0-0—14—12)+4(6+30+4-8-10-9)=19

Bignosias: (-1,1,1,1).

4. 3aiitu po3B’sa30k CJIAP metonom ["aycca.
(2x,+3x,+ 4x,—5x,=0
X+ x,+ Sx,+2x,= 7
2x,+x,+ 3x,+2x,= 4

x +  x; +4x,= 4

Po3B’A30K

3anumemo posmupeny marpuiito CJIAP 1 neperBopumo ii

2 3 4 5|0 1 01 44 1 01 4
115 2|7 115 2|7 01 4 2|3
. 0 0 0
21 3 2|4 21 3 2|4 011 -6|-+4
1 01 4|4 2 3 4 5|0 0 3 2 -13]-8

S O O =

oS o = O
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1 01 4] 4 1 01 4] 4 1 0 1 4 4
] 01 4 2|3 01 4 2|3 ] 01 4 273

0 0 -3 4|7 0 0 -1 514 0 0 -1 5 4

0 0 -1 514 0 0 3 4|7 00 0 -19|-19

3BiaCH MAEMO

— _19 _1.

Xy = - b
19
4-5-1
x}: 5 :1;
-1
3-4.1+2-1
xzzle;

Bignosinb: (-1,1,1,1).

5. 3HaiitTu panr matpuii 47

Po3B’s130k: OCK1UIbKY BU3SHAYHUK MaTpUIll 4 BinMinHuUi Big 0, TO ii paHT cniBmajaae 3

il mopsiikom, TOOTO piBHUIA 4.

Bignosian: 4.

6. O0uncnuTH 00EPHEHY MATPUIIIO A7

Po3p’s30k: 3Hali1EMO 00EpHEHY MATPUITIO METOJIOM alNreOpaidyHUX JTOMOBHEHbD.

2 3 4 -5

1 1 5 2
A=

21 3 2

1 01 4
det A =19
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Bunumemo anreOpaiuHi JOMOBHEHHS:

1

All — (_1)1+1 1
0
A12 — (_1)1+2 2
A, =(-D)" )2
AM — (_1)1+4 2
3
A21 — (_1)2+1 1
0
2

A22 — (_1)2+2 2

A23 — (_1)2+3 2

\S]

A24 — (_1)2+4 2

—

3
A31 — (_1)3+1 1
0

5
3
1

S = = — W W

O = =

3
1
0

5
1

2
2|=12+2-2-20=-8
4
2
2|=—(12+10+4-6-2-40)=22
4
2
2|=4+2-2-8=-4
4
5
3|[=—(1+3-5-2)=3
1
-5
21=—(36-5-6-16)=-9
4
-5
21=24+8-10+15-4-32=1
-5
2|=—(8+6+5-24)=5
4
3[=24+9-4-6=1
1
-5
21=60-5-6-16=33
4
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2 4 -5
2|=—(40+8-5+25-4-16)=-48

—
(9]

A32 — (_ 1)3+2

2 3 -5
A, =(-)P1 1 2|=8+6+5-12=7
1 0 4

A, =D 1 5=-(2+15-4-3)=-10
1 0 1

3 4 -5
A, =(D"1 5 2[=—(30+8-15+25-18-8)=-22
1

2 4 -5
A, =(=D*?|1 5 2|=20+16-15+50-12-8=51
2 3 2

2 3 -5
A=D1 2|=—(4+12-5+10-4-6)=-11
21 2

—

2 3 4
1 5/=6+30+4-8-10-9=13
21 3

A44 — (_ 1)4+4

—

Bunumemo MaTpuilto, TpaHCIIOHOBAaHY /10 MaTPUIll anreOpaiyHUX JI0MOBHEHD:

8 -9 33 -22
e 22 1 —48 51
4 5 7 -11

3 1 -10 13

Hoximueim A’ Ha det A, oTpuMaeMo 0GepHEHY MaTPHIIIO:
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8 -9 3 2

19 19 19 19
2 1 -48 51
{19 19 19 19
4 5 7 -l
19 19 19 19
31 -10 13

19 19 19 19

7. 3naiitu po3B’ 130k CJIAP 3a mornmoMororw oO0epHEHOT MaTPHUITI A7

Po3B’s30k: [loxknagemo

Toni cucTeMy MOKHA TepenucaTu y BUriani AX=b. Ii po3s’s3koM Oyzie BEKTOp

CTOBIEID X=A4"b. Maemo

-8 -9 33 -22
9 19 19 19
2 1 -48 51 [[0
19 19 19 19 ||7
4 5 7 -11|]4| |1
9 19 19 19 |l4
31 -10 13
19 19 19 19

Bignosinb: (-1,1,1,1).
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Jas cnen. KomniorepHi Hayku

[ano CJIAP

2x,+3x,+ 4x,= 5
X+ x, +5x=295
2x,—x, + 3x,=0.

1. Bunucatu matpuiito koediiieHTiB A 1 BuibHUM BekTop b CJIAP

Po3B’A30K
2 3 4 5
A={1 1 5| b=|5
2 -1 3 0

2. O6UKCIUTH BU3BHAYHUK MATPUIIl A METOAOM 11 pO3KJIay 3a PSAJIKOM 132 CTOBIILIEM.
Po3p’s130k
Po3knageMo BU3HAYHUK 32 MEPIIUM PSIIKOM

2 3 4

1A=l 1 35|=2
2 -1 3

1
‘:16+21—12:25

3. 3naittu po3B’s30k CJIAP 3a popmynamu Kpamepa.

Po3B’A30K
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5 3 4

A=|5 1 5/=15-20+25-45=-25

-1 3

2 5 4

A, = 5 5/=30+50-40-15=25
2 0 3
2 3 5

A=l 1 5/=30-5-10+10=25
2 -1 0

x:i:—l’ y:izl’ Zzizl.

| 4| | 4] | 4|

Bignosiab: (-1,1,1).

5. 3airtu po3B’s30k CIIAP merogom [Maycca.

2 3 4 5

A={1 1 5| b=|5

2 -1 3 0
Po3B’A30K

3anumemo posmupeny marpuiito CJIAP 1 neperBopumo ii
2 3 4|5 I 1 5|5 I 1 5 5 I 1 5 5
I 1 55012 3 4|5/0j0 1 -6 -5(|0/]0 1 -6 | -5
2 -1 3]0 2 -1 3]0 0 -3 -7|-10 0 0 -25|-25

3Biacu

41



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

Binnosiab: (-1,1,1).
5. Slkum € panr matpuri 47

Po3B’s130k: OCKITbKY BU3HAYHUK MaTpUIll 4 BinMinHuUM Big 0, TO ii paHT cniBmajaae 3

il mopsiikom, TOOTO piBHUI 3.

BignoBian: 3.

6. O0uncnuTH 0OEPHEHY MATPUIIIO A7

Po3p’s30k: 3HalineMo 00epHEHY MATPUITIO METOJIOM alreOpaidyHUX JTOMOBHEHbD.

2 3 4
A=|1 5

2 -1 3
det A =125

Bunumemo anreOpaiuHi JOMOBHEHHS:

All — (_1)1+1 1 5 — 8 Alz — (_1)1+2 1 5 — 7 Al3 — (_1)1+3 1 1 — _3
-1 3 2 3 2 -1
3 4 2 4 2 3
A =(=D*" =-13 A =(=1)*"? -2 — (—1)*" ~3
21 ( ) | 3‘ 22 ( ) 2 3 A23 ( ) 2 1
3 4 2 4 2 3
A — _1 3+1 :11 A — _1 3+2 =_6 A — _1 3+3 =_1
31 ( ) 1 5‘ 32 ( ) 1 5 33 ( ) 1 1

Bunumemo Matpuilto, TpaHCIIOHOBAaHY /10 MaTPUIll anredpaiyHUX JIOMOBHEHD:

g8 -13 11
A*=| 7 2 =6
-3 8 -l
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[MoxinuBim A * Ha det A, oTpuMaeMo 0OEpPHEHY MATPHUIIIO:

g8 13 11
25 25 25
A= ;Z_ jj% .:§
25 25 25
= 8
25 25 25

7. 3naiitu po3B’ 130k CJIAP 3a mornoMororw oO0epHEHOT MaTPHUITI A7

Po3B’a30k: [loknagemo

Toni cucTeMy MOXKHA TepenucaTu y BUriani AX=b. Ii po3s’s3koM Oyze BEKTOp

CTOBIEID X=A4"b. Maemo

8 131
25 25 25| /s\ (_j
vl o2 sl
25 25 25
308 |\
25 25 25

Binnosiab: (-1,1,1).
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2. 3apnanus qiasa MKP i camocTiiiHUX poOiT

Bu3HAYHUMKM MATpUUb

3aoaua 1.1 OOGUUCINTH BU3HAYHUK MATPHIIL

o | A11 | A1z | A1z Aga Ay Azy Apz Agy | Azy | Azp A3z | A3y | Agy | Agg | Asz | Asg
1|3 24 4 4 3|45 a0/ 2/4 1 2 4|23
2 2 | -5 1 5 -1 -1 4 1 2 5 -3 1 4 3 2 -2
3 3 2 -2 5 -4 1 -4 | -5 3 3 -3 -3 3 1 5 12
4 3 4 1 -4 | -2 4 4 -5 2 1 1 3 -3 1 4 |2
5 -3 4 3 1 1 -1 -1 2 -4 4 1 2 -2 3 2 | 4
6 4 | -2 -1 3 -1 -4 1 2 1 2 S0 -3 -5 4] -2 3
7 3 -3 3 4 4 -2 2 3 3 5 1 -4 | -4 1 5 1
8 1 1 4 -3 3 -4 5 -1 -4 1 2 S50 -3 -2 3 -1
9 1 3 -3 5 2 2 -1 5| -5 -3 -1 -4 1 1 -1 | -4
10 (| -5 | -5 -3 5 -4 1 1 1 2 -5 1 -2 4 3 5 1-2
11 | 5| 2 | -2 1 1 -5 4 5 -3 3 4 1 3 2| -1 | -4
12 | -2 | -1 1 2 3 3 1 -1 -5 5 -3 4 -2 2 I | -1
13 | -1 1 3 4 -5 1 1 1 5] 4 2 5 -4 3 502
14 | -2 | -3 | -1 2 -5 -5 5 -2 4 2 -1 2 3 1 23
15 | 4 5 -3 3 -3 1 -5 2 2 -4 | -4 3 -5 3 1 4
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3aodaua 1.2 3unaiitu 00epHEHY MATPHUIIO JIJIsi MaTpuili D

¥

AKI[O0 KOE(IIEHTH MaTPUIl TPUHMAIOTh HACTYIIHI 3HAYEHHS:

A11
A21
A31

A12
A22
A32

)

Bap?:ma A1y A1z Aq3 Az, Az A3z Az, Az, A3z
1 -3 4 -4 -2 -4 1 4 3 -1
2 -4 -4 -5 1 2 -2 2 -5 -5
3 5 4 5 1 1 -3 -1 2 1
4 3 1 -2 -2 3 5 -2 -2 -4
5 -4 -3 3 1 -3 1 3 -3 5
6 1 -1 4 3 -4 4 4 -2 -5
7 1 -3 2 1 -1 4 1 4 -3
8 1 -1 4 2 -1 4 1 2 1
9 -2 3 1 3 5 -1 2 -4 -3
10 -4 -1 -3 1 2 1 2 -5 -4
11 3 3 4 1 3 2 3 4 2
12 3 1 5 5 -4 1 1 5 -2
13 I I B 4 4 4 3 5 4
14 -5 3 1 -3 -1 3 -2 1 -3
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O Aqq Ay, Aq3 Azq Ay, Azz Azq Az, Asz3
BapiaHTa
15 1 -5 -1 2 -5 -4 -1 -3 1
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3aodaua 1.3. locniauTu Ta po3B’si3aTU cCUCTEMY PiBHSHG [1]. 3HalTH 3arayibHUN Ta
YaCTKOUU PO3B’SI3KH.

A x + Ayx, + Asxy + A,x, = B
Ay x, + Apx, + Ayyxs + Ay x, = B,
Ay %, + Ay, + Ay + Ay x, = By,

wpos A11 | A1 | A13 | Aqg |Azq | Agp | Apz | Azy | A3y | A3y | Asz A3y | By By | Bj

1 3 1 | -3 6 1 -2 -1 2 4 6 -4 8 12 -3 30

2 4 1123 8] -1 3|5 2 1030, -4 -20 -1 6 | -14
3 1 -1 -1 )22 |22 2 919 9]0 1 8 | 27
4 -2, 2 -2 4 5 215 -10]-12] 6 |-12 | 24 |-10 | 16 | -42
5|33 3 3 2,2 -4 210 -10] 2 |-10|-15 -4 | 38
6 2 02023 -1 1 1 2 4| 4 4 1 6 |11 | 16
7 |-1]-2 -1] 2 5 2 5 -10]-13 -10|-13 | 26 | -10 18 | -66
8 1 1 51 -11] 2 2 1 | -2 1 1 | -4 -1 18 0 |-18
9 1 1 -2 -3 5 5 /-10 2 | -8 | -8 |16 -10 O | 17 -34
10| -2 | -4 4 4 | -3 -1 6 6 2 -6 -4 4 -8]-7T]-2
my3, -6, 2,9-1,-2,-3-3 5 10 415 15| -6 -3
2|1 -1,3 3,5 -5 15 4 -11}|11 33|11 -7 | -13| 33
13| -4 -1 4 4 3 23,3 2 S5|-2]|-2]5 -12-19
14 | 5 5 -1 15 1 1 |43 |13 ]13]5 39|19 0|57
15| -4 -4 | -12 -1 1 1 3 51919 |27 -7]-10] 12  -32
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3axaua 1.5

Poskmactu BekTop X = (X4, X3, X3) 3a BekTopamu 6asucy a; = (411,412, 413),

a, = (A21;A22;A23)» as = (A31;A32;A33)-

3agauy caig posB’sizatu Metonom JKopnana-I'aycca.

wn | X1 | X2 | X3 | Aqq | Ay Agz Az | App | Azz | A3y Az | Az
1 -25 | -20 3 -3 4 -4 -2 -4 1 4 3 -1
2 22 -8 -21 -3 5 4 4 -3 -2 -2 -5 1
3 -19 | -10 -1 4 1 4 1 -3 3 2 1 -2
4 9 -7 -6 5 -4 -5 4 -3 -1 2 1 -5
5 -6 -3 -15 3 2 4 1 1 -1 5 3 -4
6 -13 4 -13 -3 1 -5 -1 1 1 1 -4 -3
7 -1 -6 8 1 1 2 3 -1 -4 2 -1 4
8 -1 22 -13 2 2 3 2 -3 4 1 -5 5
9 7 -23 10 2 -5 1 -1 -3 -2 2 -5 3
10 -10 -8 -19 -3 -5 -2 -2 2 -2 1 1 -3
11 23 10 -16 5 -2 4 5 1 -3 1 1 1
12 -8 13 -26 4 1 2 -1 -4 5 3 4 4
13 -19 13 7 -3 2 -5 5 -1 -3 2 -5 1
14 0 -19 -7 1 5 1 3 -4 -4 -5 -5 -3
15 11 -2 27 2 -2 5 -5 4 -2 1 1 5
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3amaua 1.6

3HalTH BJIACHI YKCIIA 1 IJIOYUCETbHI BIIACHI BEKTOPU MaTpHUIli A:

All A12 A13
A21 AZZ A23
A31 A32 A33

b

SKIIO 11 €JIeMEHTH HaOyBalOTh HACTYITHUX 3HAYEHb

me | A11 | Az | A1z Azq | Azp | Azz | A3y Az | Ass
1 2 1 1 1 4 1 1 1 2
2 2 1 1 1 2 1 1 1 4
3 3 1 1 1 5 1 1 1 3
4 3 1 1 1 3 1 1 1 5
5 4 1 1 1 6 1 1 1 4
6 4 1 1 1 4 1 1 1 6
7 5 1 1 1 7 1 1 1 5
8 5 1 1 1 5 1 1 1 7
9 6 1 1 1 8 1 1 1 6
10 6 1 1 1 6 1 1 1 8
11 7 1 1 1 9 1 1 1 7
12 7 1 1 1 7 1 1 1 9
13 8 1 1 1 10 1 1 1 8
14 8 1 1 1 8 1 1 1 10
15 9 1 1 1 11 1 1 1 9
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3amaua 2.3

Kpusa apyroro nopsiiky 3ajiana piBHIHHSM:
a1 X% + 2a15xy + ap¥? + 2a43x + 24,3y + azz = 0
BuzHauutu THMN 11i€1 KPUBOi, 3aNIMCaTH 1l KAHOHIUHE PIBHSHHS 1 MOOYyBaTU B CTapiit

CUCTEMI1 KOOpIMHAT

Ne papianrta a; a az; a3 azs ass
1 1 2 3 -1 0 1
2 3 S| 3 2 2 -4
3 5 12 -1 2 2 -1
4 0 -3 0 0 1 3
5 s 2 I > _Z 0

2
6 2 E 3 _E E )
2 2 2
7 1 -1 1 2 3 3
8 3 1 3 3 S| -5
9 4 2 1 6 3 9
10 1 0 0 3 -4 1
11 1 1 1 2 ! 6
2 2
12 7 2 2 -20 -16 5
1
13 1 -1 1 - -1 3
2
14 1 -1 1 2 ! 6
2 2
3
15 2 —= -1 3 1 0
2 2
16 1 4 4 -3 -1 1
17 1 1 1 1 1 -4
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43 3 -1 3 2 2 -4
44 5 2 8 -16 -28 80
45 1 —— -1 — 1 — 1 0
2 2
46 9 -2 6 3 -4 2
47 1 3 1 3 1 -1
48 5 — 3 1 — 3 1 -5
2
49 2 -2 5 -8 0 3
50 1 -1 2 -2 -3 3
1 1 -2 3 -1 0 1
2 3 -1 3 2 2 -4
3 5 12 -1 2 -2 -1
4 0 -3 0 0 1 3
5 -5 -2 1 E — 1 0
2
6 2 E 3 _ E E )
2 2
7 1 -1 1 -2 -3 3
8 3 1 3 3 -1 -5
9 4 -2 1 6 -3 9
10 1 0 0 3 -4 1
11 1 1 1 — E — Z 6
2 2
12 7 2 2 -20 -16 5
13 1 -1 1 1 -1 3
2
14 1 -1 1 — E _Z 6
2 2
15 2 —— -1 3 1 0
2 2
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16 4 4 3 B 1
17 I 1 1 1 4
18 0 3 1 _ ; 1
19 B 2 2 3 29
20 3 1 1 0 7
21 B 0 1 1 1
22 % I B 2 12
23 -6 4 8 1 0
24 B 1 2 3 3
25 2 9 2 16 -6
26 B 2 2 3 3
27 B 1 1 3 0
28 I I 1 1 4
29 3 1 3 1 0
30 0 1 2 3 0
31 0 2 4 6 3
32 2 4 1 B B
33 6 0 11 -6 .19
34 5 7 2 1 1
35 B 2 2 3 3
36 3 5 2 3 10
37 12 16 20 15 0
38 B 2 2 3 e
3
39 I B 4 5 14
40 _ 1 1 E z 10
2 2
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41 3 2 4 . 2 2
£ I 3 9 2 6 5
43 3 1 3 2 2 4
44 5 2 8 16 28 80
45 1 _= . _ % _ % 0
46 9 2 6 3 4 2
47 I 3 I 3 I B
48 5 _3 1 oE 1 -5
49 2 2 5 8 0 3
50 I . 2 2 3 3
51 0 1 3 1 3 5
52 21 1 110 0 0 0
2
53 I 2 4 5 10 25
54 I 2 4 3 3 0
55 4 2 I 2 R I
56 1 1 I 4 0 4
57 I B 3 2 3 3
58 32 30 7 8 R I
59 2 3 5 1 I 110
60 0 5 2 3 2 21
61 I > 14 0 0 0
2
62 I 1 I B 2 12
2
63 I 2 3 I 1 0
64 2 2 I 1 3 3
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65 1 | S 7 10
2
66 1 2 5 D) 0
2
67 3 1 0 I I
2
68 7 5 2 > |
2 2
69 6 2 4 0 0
70 0 0 1 1 0
2
7 12 B 2 0 :
7 2 3 B I P
73 1 3 3 1 5
74 0 0 1 B 3
2
75 1 3 2 2 4
76 0 L 1 1 0
2 2
77 7 5 2 > I
2 2
78 > 3 _3 _25 D)
2 2
79 1 3 D) 3 3
80 I | S 7 6
2
81 E 3 E 8 0
2 2
82 3 9 0 9 0
83 1 1 _15 23 18
2
84 > | > 7 6
2 2 2
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85 0 1 1 1 3 1
86 3 2z 2 D) 3 5
2
87 1 2 ] b 1 4
88 2 > 3 5 3 3
2 2
89 I 1 1 I 3 3
2
1
90 6 1 0 1 2 0
91 2 P 5 4 0 6
92 1 s 1 > 7 6
2
93 2 5 4 0 6
94 I 1 2 D) 3 3
95 6 1 1 5 1 2
2 2
96 2 2 3 _3 3 0
2 2
97 1 1 1 I 3 3
08 3 1 2 5 D) 0
2
99 1 1 1 D) 3 3
7
100 3 Z 2 3 D) 3
2
51 0 1 3 1 3 5
52 21 - 10
2
53 I P 4 5 10 25
54 I 2 4 3 3 0
55 4 D) : 2 B :
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56 1 1 I 4 0 4
57 : B 3 D) 3 3
58 32 30 7 8 B I
59 2 3 5 B : 10
60 0 5 D) 3 2 21
61 | 5 14 0 0 0
2
62 I - 1 1 D) 12
2
63 : P 3 : B 0
64 2 P I 1 3 3
65 0 1 | S 7 10
2 2
66 3 1 2 5 D) 0
2
67 I _3 | 0 I I
2
68 3 / 5 2 > I
2 2
69 9 6 2 4 0 0
70 1 0 0 L 1 0
2 2
71 5 12 1 2 0 :
7 2 2 3 B I P
73 3 1 3 3 1 5
74 1 0 0 - 1 3
75 3 1 3 2 2 4
76 1 0 L 1 1 0
2 2
77 3 7 5 2 > I
2 2
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78 > 3 _3 _25 5
2 4
79 1 3 D) 3 3
80 1 1 > 7 6
2 2
81 E 3 E 8 0
2 2
82 3 9 0 9 0
83 1 1 _15 _3 18
2 2
84 > 1 > 7 6
2 2 2
85 1 1 1 3 1
2
86 7 2 D) 3 3
2
87 2 ] b 1 4
38 5 3 5 3 3
2 2
89 1 1 1 3 3
2 2
90 L 0 1 2 0
91 ) 5 4 0 6
92 2 1 S 7 6
2
93 5 4 0 6
94 1 2 D) 3 3
95 1 1 > 1 2
2 2
96 2 3 _3 3 0
2 2
97 1 1 1 3 3
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08 1 3 D) 0
2
99 1 D) 3 3
100 7 3 D) 3
2
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3. 3apaanus aaa CPC

3asoanus 05 camocmiinoi pobomu 3a memoro “Busnaunuxu”.
3aBnanns 1. (6 6aiB)

KBazmpaTHa MaTpuit M Ha3sHBA€ThCS Kococumempuunoro, akmo M = —MT, ne MT —

MaTpulls TPAaHCTIOHOBaHa BiTHOCHO MaTpulii M.

Hpuxaan.
0 ay, ayy
T 0
- aln - a2n O

Hexait Mmatpuiist A cumeTpudHa, MaTpuls B kococumeTpudHa. BiiHoBUTH

€JIeMEeHTH MaTpullb 4 Ta B, ne

—1 = * * * %
A=|5 1 -—-4|; B = (—2 * 3>.
2 * 0

3aBnanns 2. (2 6anm)

Skuit 3Hak Tpeba MOCTaBUTH MEpe JOJAHKOM (12A24035043051 Y Popmyii 3

O3HAYCHHS BU3HAYHKMKA MaTpuili po3mipaocti (5 X 5).

3asoannus onsa camocmivnoi pooomu 3a memoro “‘Cucmemu TiHIUHUX PIGHAHD .

JlocninuTu Ha JIHIAHY 3aJ€XKHICTh CUCTEMY BEKTOPIB.
1.92.
a=1{,4,6},b={,-1,1}, c={,1,3}
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1.93.

a={2,-31}, b=1{3,-1,5}, c =11, -4, 3}
1.94.

a=1{5,4,3}, b=13,3,2}, c=18,1, 3}
1.95.

a=1{,1,1}, b=1{0,1,1}, c=10, 0,1}

! !

— . ' . o .
3HalTH KOOPAMHATH BEKTOpa x B Oa3uci (el ,e, , e, j, SKIIO BIH 3aJIaHU# B 6a3uci

(el, e,, e, )

2.1.

( ! JE— PR _—

e =e +e,+2e;

- —

e, =2 —e, x={6,—1,3}
- _

e; =—e t+e, te

2.2.

( ! J— J— _

e =e +e,+3e

33— — -

e, =5€1—€2 x:{l, 2, 4}
-

e, =—¢ te,+e

2.3.

- -

e =e t+e, +4e

T 4— — —

e, ZEel—ez x:{l, 3, 6}
- - —

e, =—e +e, te
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1.4 JlonaTkoBi po3aijiv BUINOI ajaredpu

Po3gin |. Pi3Hi apudmeTnkun ana KomnaekcHux uucen (smgy a + bi)

B cuctemi KOMNAEKCHMX YMCeNn 3aKOHU A400aBaHHA i MHOX€EHHA BUPaXKakTbCA

dbopmynamu:
(a+bi)+(c+di)=(a+c)+(b+d)i, (1)
(a+bi)(c+di)=(ac—bd)+(ad +bc)i. (2)

Cnpobyemo BMBECTM HOBY CUCTEMY 4Ymncen, 36epirumn npasuno aogasaHHAa (1),
ane 3aMiHMBWMN (2) iHWKMM NPaBUIOM MHOXEHHA. HOBE MHOXEHHA Ma€E BOJOAITH

HaCTynHUMU BZ1aCTUBOCTAMMN:

1) MHoKeHHA AilicHoro uucna a (g = g+0i) Ha AoBiNbHe unucno z =b+iii

MOBWHHO AaBaTW TOM CaMWUI1 Pe3yNbTaT, WO i Y BUNAAKY KOMMNEKCHUX Yncen, TobTo:
(a+0i)b+ci)=ab+aci,
(b+ci)(a+0i)=ab+aci .

30Kpema, Lie 03HauvaE, Wo AN AiINCHUX YNCEeN HOBE MHOXEHHA MAE CniBnaaatu

i3 3BUYAUHUM:
(a+0i)b+0i)=ab+0i.

OCKinbKM Te came NPaBWIbHO i Yy BUNAAKY O0AABAHHA, TO, TAKUM YMHOM AiNCHI

4Yncna BXOAATb B HOBY YMC/TIOBY CUCTEMY 3 iXHBbOK NPUPOAHOI apUPMETUKOIO.
Hacnigku 3 npaBua MHOXXEHHAI

2) AccouiaTUBHUM 3aKOH. TOOUTO NOBMHHA BUKOHYBATUCA PIBHICTb:

(az,)-(bz,) = (ab)-(2,2,),
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Ae a, b — noBinbHI AicHi Yncna.
3) NoBMHEH BUKOHYBATUCA AUCTPUOYTUBHUM 3aKOH:
z(z,+2z) =2z, + 7,73,
(z,+2,)zy =22, + 2,2,
3 UMX BUMOT CNigy€e HacTynHe:
(a+bi)(c+di) = a(c+di)+bi(c+di) = ac + adi + bci + bdi*

Tenep 3ag4amo enemeHT i Tak, Wo6 BiH HaneKaB AaHIN cucTemi uncen, To6To, Wob
BiH maB Burnsag p + qi. OTKe, Tenep OCTAaTOYHO CHOPMOBAHO BUIMNAL 3AKOHY

MHOEHHA:
(a+bi)(c+di) = (ac+bdp)+(ad +bc +bdg)i . (3)
Teopema

byOb-aka cucmema yucen a + bi 3 npasuanamu 000a8aHHA ma MHOMeHHA (1), (3)

3800UMbCA 00 OOHIEI 3 MPbOX:
1) a + bi, ¥ =—1 (komnaekcHi yucna);
1) a + bi, ¥ = 1 (mak 38aHi Nod8iliHi yucna);
Il) a + bi, i¥ = 0 (mak 3eaHi OyanbHi Yucaa).

3 pisHocTi ° = p + gi chigye, wo i — gi = p abo:

AR
(1)t .

MoXnunBi TpM BUNALKK:

63



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

2 2

. P+q7 — Big’emMHe umncio, To6TO P+q7 =—k*, ne k - sigminne Big HynA

AincHe yucno. Toai

(54

Mpu ubomy i = %"‘ kJ , Tomy Bynb-aKe UnCnO a + bi MOe ByTY 3anucaHe y BUTNAL]
. q b
a+bi=a+b §+k] = a+§q +bkJ .

T06TO Uncno a + bi ponyckae npeactasneHHs y surnagi a +b'J, ge /= -1. Ue

03Hayage, Wo GaKTUYHO MU MAEMO CNPaBY 3 KOMIM/AEKCHUMU Yucaamu [8, 9].

2 2
1. . P+q7 — poJaTHe 4ucno, TobTo P+q7=k2, (k > 0). Toai 3amicTb

dopmynu (5) otpumaemo:
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Takum 4ynHom, byab-aKke YMCNO @ + bi HaWOi cUCTeMU AOMYCKAE NPeAcTaBAEHHSA Y

surnagi @’ +b'E | pe E° = 1. 3aKOH MHOXeHHS Takux uncen 6yae
(a' +b'E)c'+d'E)=(a'c'+b'd")+(a'd" +b'¢')E .

2

q i
OTxe, npn P+ T > 0 OTPUMYEMO cucmemy noosiliHuUx yucesl.

2

. q
1. P+q7 = 0. B ybomy BMMNaAKy, No3HaumBwuM yepe3s Q yucno Z—E,
MaTUMEMO
O’ =0.

byab-ake umcno a + bi Hawoi cuctemm Mmoxe b6yTM nepenucaHo y BUrAsagi

(a + EQ] +bC) 10670y BUrNALI G + b . 3aKOH MHOMKEHHSA BUTALAE TaK:

(@+50)e+da)=ac+(ad +be ).
Lle — cucmema dyanbHuXx yucesn.

OTmxe, byab-aKa cuctema ymcen 3 npasuaamu gin (1), (3) dakTMUYHO € OAHiElO 3

TPbOX:
|) KomnneKkcHi yucna a + bJ, F=-1 ;
Il) noodsiliHi yucna a + bE, E’= 1;
1) dyanbHi yucaa a + bQ, QO = 0.

Hdani cnctemun noAaBiMHMX Ta AyaNibHUX 4YMCeN MW po3rnagatu He byaemo,
OCKINNbKM B HUX HE BMKOHYETbCA AineHHA. TOX, nepenaemo A0 po3rnagy cuctem 3

AiNEHHAM, a CaMe TaKuX, B IKi BXoAATb bifblue HiX oaHa yaBHa OAUHMUA.
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2 Pozaia II. KparepHionun

[o6pe Bigomo, WO rpyna KBaTepHiOHIB 3aCTOCOBYETCA B KBAHTOBMX

obumncneHHax. OTKe, PO3rNAHEMO KBAaTEPHIOHM i iX BEKTOPHE NpeaCcTaBAEHHA.

Po3rnsHemo uncna suay:
z=a+bi+c,

ne a,b,c — poBinbHiI AiCcHI Yncha, a i Ta j — yABHIi oAMHMULI. AK NpaBuAO A0A3aBaHHS

AN1A Yncen Takoro BUrnaay NnpUMMaEeTbCa:
(a+bi+c)+ (@ +bi+cf)=(a+a)+(b+b)i+(c+c")],
LLLO K CTOCYETbCA NPaBU/Ia MHOXEHHA, TO NOTPIOHO, LWO6:
1) Ana AiNCHUX YMCEeN HOBE MHOKEHHA CMiBNaAano i3 3BU4aNHUM:
(a+0i+0/)b+0i+0j)=ab+0i+0;;

2) NobyTok aiicHoro ynucna k=k+0i+ 0, Ha goBinbHe yncno z=a+bi+cj

NnoBMHeH JopisHioBatn ka + kbi + kcj .
3) Ma€e BUKOHYBATUCb aCOLLiaTUBHICTb MHOMEHHS:
(az,)(bz,) = (ab)(z,z,),
Ae a i b— poBinbHi AiNcHI Yyncna.
4) Ma€ BUKOHYBATUCb ANUCTPUOYTUBHMIN 3aKOH AK Y GOpMi
z((z, +z;) = z,2, + 723,
TaK i B popmi

(z,+2,)z3 =22, + 2,25
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MprMAayMaTh 3aKOH MHOXEHHA, O 3a0BO/IbHAE BCi NepepaxoBaHi BUMOrU, He

CKNagae TpyaHoLwiB. MoxHa, HanpuKknaa, NPURHATK
(a+bi+cj)a +bi+cf)=aa"+(ab'+a'b)i+(ac'+a'c)j;

NpM TakKoMy MNpaBuAi MHOXEHHS BMKOHYIOTbCA HaBiTb KOMYTAaTUBHMI Ta
acouiaTMBHMI 3aKoHu (z,z, = z,z, i (2,2,)z; =z/(z,2;)), ane WO ABHO BIACYTHE —

TaK Ue MOXXAUBICTb AineHHA! HanpuKknaa, HeMoXHa noainnTtu 1 Ha i: piBHAHHA
O0+LE+0)x=1+0i+0/
He Ma€ po3B’A3KY.

| ue He BMNagKoBO. MOXKHA NOKa3aTy, WO Npu byab-aKOMY NpPaBUAI MHOXEHHS
yncen a+bi+cj, ake 3agoBonbHAE ymosu 1), 2), 3), 4) 3HaMAeTbCA NPUHANMHI
OZHa napa uucen z,, z, (npuyomy z,# 0) TakKux, WO z, HE MOXCHA NOOINUMU HA Z, .
TakMmM 4YMHOM, 3 uucen Buay a-+bi+cj nobyaysBaTm cuUCTeMy 3  AiNE€HHAM

Hemoxnmso!

MpoTe BUABAAETLCA, WO AKLWO MNPUEAHATU e OAWH CMMBOA K i PO3MISHYTU

Yyncna surnagy
a+bi+cj+dk, (1)

TO MOXHa OTPUMATM CUCTEMY 3 AifieHHAM. Kaxyyn TOYHilWe, MOXHA TaK BBECTMU
MHOeHHA ansa umucen (1), wob, okpim Bumor 1), 2), 3), 4), BUKOHyBanaca we i
3BOPOTHA ANA MHOXEHHA Ais — AineHHA. Hanbinblw LikaBMM NpUKAaA0OM ANA TaKoi

CUCTEMMU € KBATEPHIOHU («4eTBEpHi» umcna).
KeamepHioHamu Ha3nBatoTb YMcna Buay (1) 3 3aKOHOM 404aBaHHS
(a+bi+cj+dk)+ (@ +bi+cj+dk)=(a+a)+(b+b)i+(c+c)j+(d+d)k

i 3aKOHOM MHOXEHHSA, Lo NOAATAE Y HAaCTYyMHOMY:
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PF=-1, j°=-1, K=-1,

ey
i J
A
Puc. 3
jk=1i, kj=-i. (2)

KBaapat 6yab-AKoi ysiBHOI OAMHMLI AO0pPiBHIOE —1, A0OYTOK ABOX Pi3HUX YABHWUX
OAVHULUb AOPIBHIOE TPETIM 3 HUX i3 3HAKOM ,,+”, AKLWO Bif, NepLIOro MHOXHMKA A0
APYroro MM pyXaemocb 3a roANMHHUKOBOLO CTpinKot (puc. 1), i i3 3Hakom ,—", AKLWO —

npoTw.

MHOKEHHS A0BiINbHMUX KBAaTEPHIOHIB BUKOHYETLCA 33 AONOMOroto npasua (2), Ta

3 ypaxyBaHHAM ymoB 1) — 3). Hexa
g=a+bi+cj+dk,
qg'=a'"+b'i+cj+d%k.
3a NPaBUNOM MHOMKEHHA CyMM Ha cymy (ake caigye 3 3)), mMaemo

qq’ = aa' +a(b'i) + a(c'y) + a(d'k) + (bi)a' + (bi)(b'D) + (bi)(c) + (bi)dk) +
+(cp)a’ + (¢)(b'D) + (cf) () + (/) d'k) + (dk)a" + (dk)(b') + (dk)(c]f) + (dk)(d'k).

Mwu oTpumanu cymy 3 16 gogaHkKis. [lepeTBOpOOYM KOXKHE 3 HUX 33 A0MNOMOrOt0
Bumor 1), 2) i Tabanui mHoskeHHA (Hanpuknag, (bi)(c'f)=bc'(ij) =bc'k), oTpmyemo

pesynbTaT
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qq' =(aa'—bb'—cc'—dd") + (ab'+ ba' + cd'—dc")i + (ac'+ ca’' +db" - bd") j + 3
+(ad' +da' + bc' - cb)k. )

Mpuknapg,

Hexalt paHo keaTepHioHn ¢, =5+3i— j+k i g, =1—i— j+3k .3naigemo ix

NobYyTOK:

g, =(5+3i—j+kNl—i—j+3k)=5-5i—5j+15k+3i —3i* = 3ij + 9ik — j + ji +

+ 2 =3jk+k—ki—kji+3k>=5-5i-5j+15k+3i+3-3k-9j—j—k—-1-3i+k-
—j+i=3=(5+3-1-3)+(=5+3-9-3)i+(-5-9-1-1)j+(15-3-1+1)k =4 -

~14i—16 j + 12k,

OTe, q,9, =4-14i-16j+12k.

2.1 Omnepauii HaJ1 KBaTepHIOHAMH TA IX BJACTUBOCTI

2.1.1 AcouniaTuBHMI 3aKOH MHO’KCHHSI KBATePHIOHIB

Teopema 1
L1719 MHOMEeHHA K8amMepHIOHI8 CrpasoOXyeMbCA acouiamusHUl 3GKOH:
(9.92)9; = 9,(4,95) - (4)

OCKiNbKM KOXHUIM KBaTepPHIOH g, (a0 = 1, 2, 3) MoXHa npeacTtaBUTH AK Cymy
4OTMPLOX AodaHkiB (g, =a, +b,i+c,j+d, k), To nisa yacTMHa (4) OOPIBHIOE CYMi

4x4x4 = 64 popaHkis Buay

(wyu,usy, (5)
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Ae u; — byab-aKUi 3 YOTUPLOX A0AAHKIB KBAaTEPHIOHA G;, U, — ByAb-AKUI 3 AOAAHKIB
q,, Uz — byab-AKNIA A0JAHOK 3. AHanoriyHo npaBa YacTuHa (4) QOpPiBHIOE cymi 64

Bi4NOBIAHMX AOAAHKIB
(). (6)

Tomy, SKWO MM A0BeAemMO, WO KOXKeH aodaHoK (5) popiBHIOE BignosigHOMy

AOAaHKY (6), TOo uMMm piBHicTb (4) byae noBeaeHo.

OT)Ke, BCe 3BOAUTBLCA A0 NepeBipKU PiBHOCTI (4), Konu K g1, Gz, g3 dirypytoTb (y
Oyab-aKin KOMbiHaUji) KBaTepHioHM BUrasay a, bi, ¢j, dk. Npn UbOMY, OCKINbKMK
YUC/IOBUIA MHOXKHMK MOXKHA BUMHOCUTU 3a 3HaAK A00yTKy, TO piBHicTb (4) AocuTb
nepeBipuTM ANA BUNAAKIB, KOAWU 3, G2, g3 — Ue Oyab-aKi 3 KBaTepHioHiB 1, i, j, k;

HanNpuKNag, 3amicTb
((bi)(eN)(b'D) = (bi)((¢/)(b'E))
[OCUTb LOBECTH
()i =i(ji).

B Tux BMNagKax, KON OAMH 3 KBATEPHIOHIB g1, G, Gz AOPIBHIOE 1, piBHicTb (4)
oyeBuaHa. Tomy 3aga4va 3BOAUTLCA A0 NEPEBIPKM L€l PIBHOCTI ANA BMNAAKIB, KON

g1, 2, 3 6yAb-AKi 3 KBAaTEPHIOHIB i, j, k.

Bcboro, TakmMm 4mMHOM, nignAratoTb nepesipui 27 piBHOcTen. Bunuwemo gns

NPUKNAAY AeAKi 3 HUX:
(if)i = i(ii), (i) j =i(ij), ()i =i(ji), (§)k =i(jk) .
CnpaBea/IMBICTb KOXHOI 3 27 piBHOCTEN CAiAYE 3 TabAnLi MHOXKeHHS (2).

OTXe, MHOXXEHHA KBAaTepPHIOHIB Ma€ acoLiaTUBHY BNIaCTUBICTb.
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2.1.2 ChnpsikeHHsI KBATCPHIOHIB
o Cnpsasicenum 110 KBaTepHiOHA g = a + bi + ¢j + dk Ha3WBaeThCsA KBAaTEPHIOH

q=a-bi—cj—dk. (7)
BnactmBoCTi cnpAXKeHUX KBaTepPHIOHIB:

1) cymoto cnpsi*KeHUX KBaTEepPHIOHIB € AilicHe Yncno;

2) pOobYyTOK gq TaKOX € AIMCHUM YNC/IOM

(a+bi+cj+dk)a—-bi—ci—dk)=a>+b* +c* +d’; (8)

3) cnpsaxeHe 40 CyMU A0PIBHIOE CYMi CMIPSMKEHUX

9+49,=4,%t4,; (9)

4) cnpaxeHe A0 A0OYTKY AOPIBHIOE A0OYTKY CRPSMKEHUX, Y38TUX Y 3BOPOTHOMY

nopsaaxy

9.9, = 9,9, - (10)

OuyeBMAHO, LLLO CYMOI CNPSMKEHUX KBATEPHIOHIB € AilicHe yncno. Ane i nobyToKk qq

TaKOX € AiNCHUM YNCAOM, LLLO Bigpa3sy  BUNANBAE 3 opMyan (3) ANA MHOMKEHHA:
(a+bi+cj+dk)a—bi—ci—dk)=a>+b* +c* +d* . (8)

Hopmoto keamepHioHa q HAa3MBaOTb YNCNIO

Ja +b + 2 +d?
i no3HayaTu woro |q|. Toai:
— 2
99 =4l

— B TOYHOCTI Taka X popmyna, Wo 418 KOMNAEKCHUX YUCEN.
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2.1.1 /liieHHs B cHCTeMi KBATePHiOHIB

[lna KOMNAEKCHUX YMcen YacCTKOMO Bif, AiIeHHA Z; HA z, HA3MBAETbCA PO3B'A30K

PIBHAHHA z,X = z,. Ane pnA KBaTepHiOHiIB [00yTOK 3anexuTb Bif4 NOpAAKY

CNiIBMHOXHWKIB, TOMY 3aMiCTb OAHOrO PiBHAHHA NOTPIGHO po3rnagaTun ABa:

q,X,. =4, (11)

X4, =4, - (11')

Po3B'A30K piBHAHHSA (11) Ha3MBalOTb /1iBOK0 YACMKOK Big, AINEHHA G; HA Q; |

no3HavatoTb X;, a po3B'A30K (11') — npasoro yacmkor x, (y BUNaAKy KOMMNNEKCHUX

yucen, obmAaBi YacTkM 36iratoTbCs).

o6 po3B'Aasath piBHAHHA (11), NOMHOXMMO 06MABI YAaCTUHM PIBHAHHA 3/iBa

Ha ¢g,. OTpMmaemo ¢,4,x = ¢,4,, abo

2 _
‘Q2‘ X=4q,4;,
. Y] 1
ﬂKLLllO Tenep NOMHOXUTU 06V|AB| YaCTUHU Ha AlINCHe Yncno 5 , TO MaTUMeMO
2]
I _
X=T7"72494.
‘b‘

Be3snocepeaHbolo NiacTaHOBKOK B PiBHAHHA (11) nepekoHyemocs, WO Lei BMpas

AINCHO € PO3B'A3KOM. TAKUM YNMHOM,

Xe = 59,9, .
‘b‘

e
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AHaANOrYHO 3HAXOAUTLCH X, MHOXMMO 06MABI 4YacTUHWU piBHAHHA (11') cnpaBa

_ 1
CNOYaATKy Ha ¢,, @ NOTIM Ha W:
q,

X, =—549,.
‘b‘

Mpuknapg,

3Hanaemo niBi i NpaBi YacTKM BiA, AineHHA k Ha 1+i+k:

1 1
;=—(1-i-kk==(k+j+1
X; 3( i—k) 3( J+1,

1 ) 1 .
x, =—k(l-i—-k)y==(k—-j+1).
3 3
OTKe, MW BCTAHOBWIM [ABi HaMbinbll BaXX/MBi BAACTUBOCTI CUCTEMMU
KBAaTEpPHIOHIB:
1) ANA MHOXEHHA KBaTePHIOHIB cnpaBea/IMBUIA CO/TYYHUIN 3aKOH;

2) KBAaTEPHIOHM - CUCTEMA 3 AiNEHHAM.

3 Jlesiki 3aCTOCYBaHHSI KBATEPHIOHIB Y BEKTOPHIll ajareopi

BiaKpuTTA KBaTepHIOHIB B cepeamnHi XIX cTONITTA 43N0 NOLWTOBX Pi3HOMAHITHUM
AOCNIAXEHHAM B ranysi matematuku Ta ¢isvKu. 30Kpema, 3aBAAKM KBATEPHIOHaM

BMHMK/A HAaA3BMYaAMHO NAigHa 061acTb MaTeMATUKK - BEKTOPHa anrebpa.
2.1. YucsioBa i BeKTOPHA YaCTUHU KBATEPHIOHIB

Haragaemo gesaki NnonoxeHHs, Bigomi 3 reomeTpii. AKLLO BBECTU B 3BUYaNHOMY

NPOCTOPi NPAMOKYTHY CUCTEMY KOOPAMHAT i MO3HA4YUTM Yepes i, j, kK BeKTopwu
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AOBXMHM 1, WO BMXOAATb 3 MNOYATKYy KOOPAMHAT | HanpsmAeHi B340BX

KOOpAMHATHUX ocelt (puc. 2), To byab-aKa cyma Buay

Z

Puc. 4

bi+cj+dk,

ne b, ¢, d — picHi ynucna, 6yae npeactaBnATM coboto neBHUI BekTop. Llen BekTop

Mae 3 NnoYyaTKy KOopAMHAT B TOYKY 3 KoopauHaTamu b, ¢, d.
NoBepTatoumnCb 40 KBATEPHIOHIB, 3ayBa*KMMO, LLLO KOXEH KBAaTEPHIOH
g=a+bi+cj+dk
aBnAe coboto popmanbHO Cymy AicHOro uncna a 3 sekropom bi +¢j + dk .

Yncno a HasmBalwTb yYucnoeorw (abo OdilicHow) yacmuHow, a Bupas

bi+ ¢j + dk — eekmopHoto (abo yaeHo0) yacmuHoto KBaTepHiOHa q.
Po3rnaHemo Tenep ABa YMCTO BEKTOPHUX KBATEPHIOHA
q,=bi+cj+dkiq,=bi+c,j+d,k.
MepeMHOXYHUM iX 32 NPAaBUIOM MHOXEHHA KBAaTEPHIOHIB, MaTUMEMO
9.9, =—(bb,+c,c,+d,d,)+(c,d,—d.c,)i+(db,-bd,)j+ (bc,—cb,)k. (1)
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BMNMLLIEMO OKPEMO YMCNOBY | BEKTOPHY YaCTMHM KBaTepHioOHa ¢,¢, .
Yucnosa yactuHa q,9, = —(b,b,+c,c,+d d,). (2)

BekTopHa YacTuHa q,q, = (¢,d ,—d,c,)i +(d,b,—bd,)j + (bc,—c,b,)k . (3)

2.2. CxajgsspHuii 100yTOK BEKTOPIB AAKi NPEACTABJIATh KBaTEPHiOHH

KoxeH 3 Bupasie (2), (3) mae neBHUN reomeTpuyHuii 3mict. Cyma
bb,+c,c,+d\d, popisHioe |g,|q,|cosp, To6TO [OBYTKY AOBKMH BeKTOpIB G; Ta g»
(abo moaynb KBATEPHIOHIB G; i G,) Ha KOCUHYC KyTa MiX HUMWU. Takuin aobyTtok
A0BOANTBLCA PO3rnAgaTM B MaTemaTuli AO0CUTb YacTo; BiH HOCUTb CreLjianbHy Ha3By
KCKaNApHMN A0OYTOK BEKTOPIB G; Ta G,» i NO3HAYa€eTbcA 3a3Bu4Yal (q;, qo). Takum

YMHOM, 32 O3HAYEHHAM,

(91, q2) = |Q1||Q2| COs Q.
Teopema 1

CkanapHuli 0obymok 8eKkmopie q; ma q, OopieHKE OilicHili YacmuHi

KeamepHioHa q,q,, 83AMo20 i3 3HaKom ,+”’, mobmo
(91, 92) = bb,+cic,+dd, . (4)

Ha puc. 3 306pakeHnin TPUKYTHUK, Nobya0oBaHUIA Ha BEKTOPaxX G; i §,. OaHa 3
MNOro BepLUIMH 3HAaXOANUTbCA B MOYATKY KOOPANHAT, ABi iHWIi BEPWUHN — TOYKM M7 i M,
(KiHUi BEKTOPIB g1 i g,), KOOPAMHATU AKUX BiANOBIAHO AOPIBHIOWTL by, €1, d1i by, C),

d,. Maemo
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P4

Puc. 5.

OM} =b’+c] +d;,

OM; =b; +c; +d;,

M M:; =, b)) +(c,~c,) +(d, —d,),
3Bigcu

M M:=0M]+O0M:; —-2(bb,+c,c,+dd,).
Ane 3a BiJOMOIO TEOPEMOIO KOCUHYCIB

M M;=0M;+0OM;-20M,-OM, -cos ¢,

Ae @ — KyT npu BeplwuHi O (KyT MiX BeKTopamu q; i g,). MNopiBHIOOUYM PiBHOCTI,

OTPUMYEMO
OM,-OM , -cosp =bb,+c,c,+dd,,
Lo 1 Tpeba byno aosecTu.

OTKe, piicHa 4YacTMHa [06YTKY BEKTOPHWUX KBATEPHIOHIB g; i q, OOPIBHIOE

B3ATOMY 3i 3HAKOM MiHYC CKanApHOMY A006YTKY g; Ha Q..
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AKLWO BEKTOpU q; i g, NepneHANKYNAPHI, TO iX CKanApHMA A06YTOK AO0pPIBHIOE
HY10 ((0:%, cos® =0), Tob6To AOPiBHIOE HYMIO | AjcHa YacTuHa A06YTKY ¢,q,. B
TakoMy BWNAAKYy ¢,9, byae «umctmm» BekTopom. ObepHeHe, 3BUYAMHO, TeEX

npaBuabHe: AKWOG,q, — <YNCTUN» BEKTOP, TO CKanApHuin pobyToK q; Ha Q>

NOPIBHIOE HYAIO, 3HauUnTb cos@ =0 i BeKTopuM q;, g, NepneHAnKynapHi. BapTto

BIAMITUTK, WO Y BUNAAKY, KON q; | G, NepneHanKYyNapHi, q,9, =—q,q,; ue oapasy X

BMAHO i3 dopmynu (1), AKLLO BpaxyBaTH, LWLO AiNCHA YAaCTUHA ¢,g, AOPIBHIOE HYHO.

2.3. BekTopHHii 100yTOK KBATEpPHiOHIB
CTOCOBHO BEKTOPHOI YacTMHU J06YyTKY ¢,q,, TOBTO BMpa3y, WO CTOiTb B NpaBi

YaCTUHI piBHOCTI (3), TO BCTAHOBUTM ii reOMETPUYHUI 3MICT Aewo cKnagHiwe. Lei

BMPA3 HAa3MBalOTb BEKTOPHMM A0OYTKOM BEKTOPA §; Ha G, i NO3HavawTb  [g1, 92]:
[%%] =(¢d, —d\c,)i+(d\b,—bd,)j+(bc, —cby)k.
Teopema 2

BekmopHuli 0obymoKk eekmopis q; ma g, OOpPIBHIOE YABHIl YacMuHi

KeamepHioHa q,q,, mobmo
[%%] =(¢d, —d\c,)i+(db,—bd,)j+(bc, —cby)k.

Mpuimemo Teopemy 6e3 foBeAEHHS.
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15,9/

\ -
g g z
im ﬁ
% 0
z
\ y

BuasneHi BnacTMBOCTI BEKTOPA [§1, §2]: NepneHANKYNAPHICTb A0 G i Gy, @ TAKOXK

Puc. 7.

Puc. 6.

PiBHICTb MOro AOBXWHU S — WeEe He BM3Ha4yaloTb MOro NOBHICTHO; TaKi BNIACTUBOCTI
MatoTb PIBHO ABa B3aEMHO MNPOTUAENKHI BeKTopu (puc. 4). 3aBeplleHHA onucy
BEKTOpa [q;, G,] monsrae B HaACTyNnHOMY: BEKTOPU Gi1, G2, [G1, G»] OpPiEHTOBaHI Yy

npocTopi AK i, j, k.

OTXKe, AKWO AMBUTUCL 3 KiHUA BEKTOPA [q1, §»] HA NNOWMHY BEKTOPIB g1 i gy, TO
NOBOPOT Ha HaMMEHLWMN KyT Bi4 q; A0 g, byae npeacTaBAeHMM 33 TUM CaMUM
Hanpsmom (TobTo 3a HaNPAMOM FOANMHHUKOBOI CTPINKK abo NpoTH), B AKOMY 3 KiHUA

BEKTOpa k BUAHO NOBOPOT Ha HaMMeHLW M KyT Big i Ao j (puc. 5)).

OTKe, AN MHOXEHHA YNCTO BEKTOPHMX KBAaTEPHIOHIB CnpaBeaansa popmyna:
9.9, =—(q,,9,) + [Q1Q2];

e (q,,q9,) — ckanapHuin, a [qlqz] — BEKTOPHUI A06YTOK q; Ha q>.
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Onepalii CKanAPHOro i BEKTOPHOIO MHOXEHHSA (nopAaa 3 A04aBaHHAM BEKTOPIB i
MHOXEHHAM BEKTOPa Ha YMC/I0) NeXKaTb B OCHOBI LIOro po3ainy maTemaTuKu —
BEKTOPHOI anrebpun, AKa Ma€E UYMC/NEHHI AOAATKU AK B caMii maTemaTuli, TaK iy

¢i3nui (ocob6amBO B mexaHili).

2.4. 'eoMeTpHYHUI 3MICT MHOKEHHS 10BiJIbHOT0 KBATEPHIOHY Ha CYTO
BEKTOPHUI KBATEPHIOH
3aBAsKM TOMY, WO MHOXEHHA KBaTepHioHiB 06'eaHye B cobi aBa BuAau

MHOEHHA BEKTOPIB (CKanApHWUIN i BEKTOPHMI), KBAaTEPHIOHN € 4yaoBMM 3acobom

ANA PO3B'AI3aHHA AEAKUX 337,34 reoMeTpii Ta MexXaHiKu.

Teopema 3. Akwo p — 6y0b-akuli eekmop 0o8xcuHU 1, a v — 008inbHUl 8ekmop,

neprneHOUKyAAPHUL p, MO MHOXCEHHS V 371i80 HG KBAMEPHIOH
g =cos@+ psing
30ilicHIOE M0BOPOM BEKMOPA V HABKO/O OCi p HA Kym .
Hexan
g=a+bi+cj+dk
— [OBiNbHUWN KBAaTEPHIOH, MOAY/1b AKOTO AOPIBHIOE 1:
a’+b*+c’+d* =1.
3anuwemo, wo
g=a+q’,

2 . o
=1, TO iCHY€E TakWi KyT @, WO

e g’ ue sBekTop bi + ¢j + dk . OcKinbku ‘a2‘+ q'
a=coso, l¢'|=sing.
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OuesnaHo, ¢’ =|q|p, fe p — BekTOp AOBKMHM 1. OTxe,

g=cos@Q+ psing.

MOMHOXMMO Tenep KBATEPHIOH g Ha OyAb-AKMI BEKTOPHWUI KBATEPHIOH V

nepneHauKynapHui o p. Ogepxnumo
qv=(cos@+ psin@)v=vcosp+ pvsing .

OCKinbkn p i v nepneHAMKYNsapHi, 4OOYTOK pv 6yae maTu AiACHY YacTUHY, PiBHY

HY/10; BEKTOPHA K 4YaCTMHa byae AopiBHIOBATU [p, V], TOOTO BEKTOPY AOBXKWHOWO

. T . . . .
|p||v|-s1n5:|v, nepneHAMKYAAPHOMY p i V i OPIEHTOBAHOIO LWOAO P i V TaKUM 3Ke
YWMHOM, IK BEKTOP k OpiEHTOBaHMIN WoA0 i Ta j. [T0O3HAYMMO LEel BEKTOP Yepes V ;

~ o T
MOKHa CKa3aTu, WO Vv OTPMMAHMUIM 3 V NOBOPOTOM HAaBKOJIO BEKTOpPA P Ha > OTxKe,

Puc. 8.

qv=VvCcosS@ +Vsin@. BeKTOp gV OTPUMYETHCA 3 V NOBOPOTOM HAaBKO/IO OCi BEKTOpA g

Ha KyT @ (puc. 6). OTxKe, AKWO p — byAb-AKNI BEKTOP AO0BXKMHM 1, @ v — 0OBiNbHUN

BEKTOpP, NePNeHANKYIAPHUIM p, TO MHOXEHHS V 311iBa HAa KBAaTEPHIOH
g =cos@+ psing

3AiiICHIOE NOBOPOT BEKTOPA V HABKOJIO OCi p Ha KyT (.
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o neBHOi Mipy uen GaKT MOXHA pPo3riagatMm AK FeOMETPUYHUM  3MICT
MHOMEHHSA (3/1iBa) Ha q; OOMEKEHHAM € Te, O BEKTOP V BUBMPAETLCA HEe A0BINbHO,

a TiIbKM NepneHaMKYyNApHO p.

2.5. IlpeacraBiieHHs AOBIJILHOIO MIOBOPOTY B MPOCTOPI 32 10IOMOI 010
KBaTEePHiOHIB

Mo»KHa, BUABNSETbCA, 3aNNCATM B KBAaTEPHIOHOBI GOPMIi i TOBOPOT HABKOJIO OCi
p byAb-AKOro BeKTOpa Vv, ane Ans LUboro AoBeAeTbCs YCKAAAHUTU Ail Haj, V: 3aMicTb

MHOMEHHSA Ha q 31iBa NOTPIOHO B3ATM BiNbl CKNagHWUI BUpPa3
-1

qvq

- . o o -1
Tyt q' Nno3Ha4ya€e KBaTepHioH, obepHeHUn A0 g, To6TO Takmii, wWo qq = 1. Jlerko

nob6auntu, Wo

g~ =cosp— psin
Teopema 4

lpu nosopomi Ha8KoO0 oOCi p Ha Kym 2@ 008inbHUlU 8eKMOp vV nepexooums 8

qvq ', Oe

g=CcosQ+ psing,
Mpuimemo Teopemy 6e3 foBeAEHHA.

2.6. 3aB1aHHS PO «10AABAHHS» IIOBOPOTIB.
Teopema 5
B pe3ynemami nocnidoe8Ho20 BUKOHAHHA 080X Mosopomis, 8i0no8iOHUX
KeamepHioHie q; i g, ymeoproembcsa mpemili nogopom, 8i0rnogioHuUli KBAMepPHioHy

4-9:.

Hexall BMKOHYETbCA NOBOPOT HA KyT 2¢; HABKONO [AeAKOi OcCi, fAKa

XapaKTepPM3YETbCA OAMHUYHMM BEKTOPOM p;, CAIAOM 33 HMM Hexal BUKOHYETbCS
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iHWKWMA NOBOPOT - HAa KYT 2¢, HABKO/JO OCi, AKA XapaKTepu3yeTbCA OAMHUYHUM
BEKTOPOM p,. B pesynbTati OoTpUMAeEMO AeAKUIA HOBUIM NOBOPOT (pe3ynbraT
NOCNiAOBHOIO BWKOHaHHSA ABOX AaHWX). 3HaAaWAEMO BiCb | KyT pPe3y/bTylo4yoro

NoBOPOTY.
Mpu nepwomy NOBOPOTI [AOBINbHUIA BEKTOP V nepeige B v, =q,vq, AOe
g, =cos @, + p, sin @, . Mpu apyromy NnoBopoTi v; nepeiae B
v, =44, =4,(qvq,)q; = (4,9)v(9,9,)"
Y pe3ynbTaTi NOCNiAOBHOrO BUKOHAHHS ABOX MOBOPOTIB BEKTOP V Nepene B
v, =(4,9)v(q,:9,) " -

Takum 4ymHOM, B pe3ynbTaTi NOCNIAOBHOrO BWMKOHAHHA ABOX MOBOPOTIB,
BiANOBIAHMX KBATEPHIOHIB q; i Q) YTBOPIETbCA TPETiM MOBOPOT, BigNOBIgHWUMN

KBaTEPHIOHY q2q;.
3Hangemo NpeacTaBNEeHHA KBAaTEPHIOHY §»q1:
4,49, = COSY + psiny (5)

Ae p — BEKTOp AoBXMHK 1. Toai pe3ynbTylo4unm NOBOPOTOM € NOBOPOT HABKOJIO OCi p

Ha KyT 2¢.

Mpuknapg,

o . . . T o
Hexa nepwmnii NOBOPOT 34IMCHIOETLCA HABKOJIO OCi X Ha KyT X a apyrum —

HAaBKO/MIO OCi y Ha TOWM camuih KyT. lepwomy NOBOPOTY BiAMNOBIAAE KBATEPHIOH

r o .om N2 .
q1=COSZ+lSIDZ=7(1+l), a [Apyromy — KBaTEpHIOH q2=7(1+1). B

AAHOMY BMMAAKY
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1 ) N .
9,49, 25(1"'])(1"'1):5(1"'1"']_]().

o6 yaButn uein KBaTepHioH y Burnagi (5), 3ayBa*kMmo, WO MOro AifNcHa YacTMHa

V4
AOPIBHIOE E = COS?' Buxoasaum 3 upboro, 3anmwemo

T 1 . . T
q9,9, = cos?+{$(l+z+]—k)}31n?;

TAaKMM  UYMHOM, pe3ynbTyloue o0bepTaHHA BiaOYBaETbCA HABKONO BEKTOpPA

1 . 27
=—\0+i+j—k =
p /—3( J )HaKyT 3

Po3zain I11. Po3p’si3yBanHs 3a1a4

Nel. 3apgaua: 3HaWTu Bicb KBaTepHioHa g =1+i+ j+k i loro aprymeHr.

3anuncaTtu Len KBaTepPHIOH B TPUTOHOMETPUYHIN dopmi.

Po3B’A3aHHA.
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3po3ymino, o

lg| =V +12 17 41 =2, 8(q) =1, V(q)=i+j +k,

V(q)‘ =«/§. OpT n

BeKkTOpa V(¢) BU3Hauaemo Tak: V(q)=+/3-n, n=—-(i+ j+k).

1
V3

3rigHo 3 popmynam

(cosp = =%,)—(sin¢: S = ®) )

?. B mexax Big 0° go 360° uto ymoBy 3a40BO/IbHAE

1 .
MaEMO: cos® =5, sin ¢ =
KYyT ¢ =60". TakKMM YMHOM, BiCb KBaTepHiOHa ¢ 300parKyeTbCA y BUMAAAI
npamoi OP. OpT Ui€l oci — BeKTOp OTV/, AOBXWNHA AKOro AOPIBHIOE OAUHULL
(man. 1). AprymeHT KBaTepHiOHa ¢ AopiBHIOE 60°. TpUroHomeTpUYHa popma
AAHOro KBaTepHIOHa TaKa:

1+i+j+k:2(cos60° +L(i+j+k)-sin60°].

NE]

No2. 3apaua: Hexait BekTop OA (Man. 2) NOBepPTAaETbCA HABKOMO OCi OP
(miaroHanb Kyba) Ha KyT ¢ =060°. AKMIA BEKTOP OTPMMAEMO B pe3ynbTaTi TAKOro

noBopoTy? Po3B’A3aHHs.

1
CKopucTtaemocs piBHicTio (b =72 -a T

N | —

»Ae

1
7?2 =cos%+n-sin£, T 2 =cos%—n-sin%.), NOKAaBLLU
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e _
e
4
k
ol N _
4/ 4 X
, L
A
B
Puc. 10
a=i,nzl(i+j+k),cos£:cos30°:ﬁ,sinﬂzl.
V3 2 2 2 2

OTPUMaEMO: b=(§+%(i+j+k)éj-i-(——%(#jﬂc)%j =%(2z‘+2j+—k).

Ne3. OOuucnutu mionry mnapanenorpama ABCD, skmio AB:m—Qn,

ATf=3n7+52,\ m|=3|n \:2,[,17;):%

Po3B'a3anus:
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Sascp= |(AB *AC)|=|(m-2n)*(3m-50) |=|3 (m*m)+5(m*n)-6(a*m)-10(n*n) |=

|5 (@*)+6(m*m) [=11|m*a|=11|m]||f]sin(M f[)=11%3%2* 5=33(kp.01)

1.2 IInowa mpuxymuuxa o64ucioemscs 3a popmynoro:

1 —
Sp0AB = §| 0 = OB|.

No 4 3apgava: BUKOpPHCTOBYIOUM CKaJPHHUI JTOOYTOK BEKTOPIB, JIOBECTH TEOPEMY

KOCHHYCIB: /sl noBuibHOro TpukyTHuka ABC, AB=c, BC=a, AC=b, c? =

a® + b% — 2ab cosC.

s 6ynp-axux Touok A, B, C mae micuie piBHICTETPUKYTHHKA

a

v

Puc. 11.

B =AC + BC.
ToMy, BUKOPUCTOBYIOUM O3HAUYEHHS Ta BIACTUBOCT1 CKAJISPHOTO JOOYTKY,

¢* = |AB?> = AB* = (AC+CB )* = AC?+ 2AC * CB + CB* =
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|AC |>—2CA+CB +

|CB |?> =|CB |?+|AC |? - 2|CA||CB|cos(CA CB) = a? + b? — 2ab cosC.

Ne 5 3apaua: 3naiiTi Tpu cunu f; f5, f3, AKi OpUKNageHl 10 OJHIET TOUYKU 1 MAIOTh
B3aEMHO TEPHNEHAUKYJSPHI HampsMkd. BuszHauuTu aOCONMIOTHY BEIWYUHY 1X

PIBHOAIIHOI 7, AKIIO |fl| = 2H, |fz| = 2H, |f3| = 3H.

Po3p’sa3anns: Ockinbky f f,, f3 B3a€MHO NEpHEHAUKYIAPHI, TO B OPTOHOPMOBAaHOMY

0azuci < éli éz, ég >,ﬂe éli éz, é3 — OpTH Efz,fg,
fi=(2,0;0),=1(0;2;0),f3=(0;0;1). Togi7 = f; + fo + f5 = (2;2;1).

7] =/22422+1=3.

Binnosigs: |7| = 3H.
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BucnoBku

VY po3aunl poO3rASHYTO MPOLEC PO3MIMPEHHS MOHATTS «YHCIO» IIISIXOM
BBEJICHHS YSBHUX OJWHHUIIL Ta HAJaHHA UM VYSIBHUM OJHUHHISIM TEBHUX
BJIACTUBOCTEN. byno noBeneHo, mo Bcl yucia BULy a + bi MOXKYTh HaJeXaTH TUIbKU
10 CHCTEMHM KOMIUIEKCHUX, MOABIMHHUX a00 IyalbHHX 4ucel. BuBeneHi cucreMu
gucen OyJo MOCHIKEHO Ha BJIACTUBOCTI omepailiii Haj uyuciamu. TakuMm 4UHOM
BUSIBJICHO, 1110 Y CHCTeMax MOJBIMHUX Ta JAYyaJbHUX YUCE HE BUKOHYETHCS J1IICHHS.
Po3risiHyTo cucteMy KBaTepHIOHIB 3 TPbOMA YSIBHUMH OJUHHULISIMH, BUSIBJIEHO, 110 Y
HIi HE BUKOHYETHCS KOMYTAaTUBHHI 3aKOH MHOXEHHs. OTxe, Mpolec pO3LMIUPEHHS
YUCJIOBUX CUCTEM HE € HECKIHUCHHHUM, 00 30UIbIIYIOUM KUIbKICTh YSIBHUX OJMHUIIb

MOCTYTIOBO BTPA4YarOThCsl OCHOBHI BJIACTUBOCTI OTepalliil Haj YMCIaMHu.

Onnak, 111 00’€KTH TEX I[1KaBl 3 MaTeMaTUYHOI TOYKHU 30pYy, OCKUIBKH 3aB/SKU
KBaTEpHIOHAM BHHMKJIA BEKTOpHA anreOpa, sika Mae€ YUCJIEHHI JOJATKH SIK B cCaMiii
MareMmaTulll, Tak 1 y (i3uii 1 y 0coOJMBO B KBAaHTOBIA MEXaHIIll, 3aBASKH I[bOTOY
3'IBJIAIOTBCA 3aCTOCYBAHHS y KBAHTOBUX KOMIT FOTEPHUX CHCTEMAX. 3’ SIBUJIUCH
MOHSATTSA CKaJISIPHOTO Ta BEKTOPHOTO AOOYTKIB, CTal0 MOKIWBUM MpPEACTaBICHHS
JOBUILHOTO MOBOPOTY B TPUBUMIPHOMY mpocTopi. ToOTO, KBATEPHIOHU € OAHUM 13

3ac001B po3B’si3aHHA 0araTboX 3ajlay reoOMeTpii Ta MEXaHIKHU.
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Po3ais 3 AHajiiTH4HA reoMeTpist

4 AHAJIITUYHA 'EOMETPIA HA IIVIOHIWHI

4.1 IIpsAMOKYTHa cuCcTEeMa KOOPAUHAT
AHaniTH4YHA T€OMETPIsl — 00JIaCTh MAaTEMATHKHU, SIKa BUBYA€ T€OMETPUYH1 00pa3u
anreOpaiyHUMH METOAMU, TPOBOISIYM AHATITUYHI BUKJIAIKU Ta IEPETBOPEHHS.
JIJist bOTO 111 TEOMETPUYH1 00pa3u pO3TIIAIAIOThCS Y JEAKIA CUCTEM1 KOOPIUHAT,
sKa BU3HAYa€ JIHIMHUN BEKTOPHUN MpocTip. O3HAYEHHS Ta BIIACTUBOCTI
BEKTOPHOT'O MPOCTOPY JIETATILHO BUKJIAAEHO Y po3auii 4. BinMiTumo nuiiie, 1o
OJIHA 13 HAUMPOCTIIINX CUCTEM € JIeKapTOBa NPSIMOKYTHA cucTeMa KoopauHat. Ha
IJIOIIMHI TaKa CUCTeMa KOOPAMHAT 33/1a€ThCSl IBOMA B3a€EMHO

neprneHuKyaspauMu ocsimu Ox Tta Oy (puc. 13).

A

o S _A_{:(W) g Mi(x;3)
| M, (x5 )
0 X " 0 X
Puc. 11 Puc. 12

Bics Ox Ha3uBaeThcs Biccro abcuuc, B Bich Oy — Biccto opAauHaT. Touka (0
MEPETUHY OCEIl HA3UBAETHCS MOYATKOM KoopauHat. [lnonmna, Ha sikiit po3mMilieHi

oci Ox Ta Oy . Ha3UBAETHCSI KOOPIMHATHOIO TIJIOIIMHOIO M MO3HAaYaeThest Oxy .

Byab-fKa TOUKA Ha MIOMIMHI XapaKTepHU3y€eThCa €UHUM BEKTOpoM (x, ).
HaBMaku Oyb-sKa BIOPSAKOBAaHA Napa unceln (0yab-sKuil BEKTOp) BU3HAYAE HA
IJIOIIMHI €IMHY TOYKY. Taka mapa 4yucesl Ha3UBA€ThCS KOOPAUHATAMU TOUKUA M .
[lepie yncio 1iei napu Ha3UBa€eTbCs a0OCLUUCOI0 TOUKH, a IPyre — OPAHHATOIO.

Toi akT, mo Touka M Mae KOOpAUHATUA X Ta y, IO3HAYAEThCA Tak: M (x; y).
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IpocTimi 3aga4i aHAJITHYHOI reoMeTPil HA IUIOLIUHI:

Bincrans d ik toukamu M, (x;;y,), M,(x,;y,) BU3HAYA€THCA PIBHICTIO

d(MlaMz):\/(xz _x1)2 +(», _yl)z

[lnomma TPUKYTHUKA, BEPUIMHAMM SKOTO € Tpu Toukd M, (x;;y,), M,(x,;v,),

M;(x5; v ), BU3HA4a€eTHCS HOPMYJION:

§ =l =)0 = )= (e =5 )0 = )

Ilooin eiopizka y nponopyitinomy eionowenni. Hexall koopAMHATaMU KiHIIIB

Binpiska € M,(x,y,), M,(x,,y,). Tomi koopmunatn Toukm M (x,y), mIs sKOi

MM

CIIpaBeJIJIMBE CHiBBIAHOIICHHS =\, BA3HAYAETHCS PIBHOCTSAMH:

2

x:x1+}‘x2, :y1+7\.y2' (5)
1+ A 1+ A

SIkmo x Touka M (x,y) TITATAME BIJIPI30K HABMI, TO A =1 1 KOOpAWHATH

TOYKH, 10 € CEPEANHOIO BIIPI3KAa MATUMYTh BUTJISI:

+ +
y=2M xz’y:)ﬁ Va2 (6)

2 2

Hpukiaan. 3HaTH IUIOHY TPUKYTHUKA, BEPIIMHU SKOTO MAalTh Taki

KOOpAWHATH:
A(2;0), B(6;5), C(4;2).

Po3B'sa3anusg. 3rinno popmymnu (4) Maemo:

S=%|(6—2)(2—O)—(4—2)(5—0]=%|8—10|=1.
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Hpukaan. 3uaiitn Touxy M (x,y), SKka y aBa pasu Omwkde 10 Toukn M,(2,2),

HiX 10 Toukn M, (8;14).

Po3B'ssanns. Touka M(x,y) mimute Bipizok M,M, y BigHOmeHHi A =0.5.

BuxopucrtoByrouu popmyny (5) maemo:

:2+0,5-8:4, y=2+0’5'14=6.
1,5 1,5

X

A0 00YMCINTH KOOPANHATY X Y 3BHYAWHUX APOoOax TO MAaTUMEMO

2 18
o +§ _2+4_2(2+4)_E_4
1+l E 3 3 |
2 2
2414 247 2x9
y= 21 = =-=6.
I+— -
2 2

4.2 TlonsipHi KOOpAUHATH

VY pa3l nOpSIMOKYTHOI CHCTEMHU KOOPAMHAT ICHYE B3a€MHO OJIHO3HAYHA
BIAMOBIIHICTh MK MApOI0 MIMCHUX YHCEN Ta TOYKAMM Ha IUIONIMHI. BUSABISETHCA,
[0 Taka B3a€EMHO OJHO3HAYHA BIAMNOBIAHICT, MA€ MICIIE 1 B IHIIMX CHCTEMaXx.
Haii0inpin BaxJIMBOIO MICHS MPSMOKYTHOI € MOJIsIpHA cucTeMa KoopauHat. Bona

MICTUTb J1€5IKy TOUKY O, siKa Ha3UBAETHCS

MOJIFOCOM, Ta TpoMmiHb OFE, sSKUW Ha3UBA€ThCAd MOJspHOIO Biccio. Kpim Toro,

3a1a€ThCSl OAMHUIIS MaciITady JUisl BUMIPIOBaHHS BiJIPI3KiB puc. 15.

y
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M Puc. 14
p

o)

Puc. 13

Hexailt 3amana mosspHa cucTeMa KOOpAMHAT 1 Hexail M — 1noBUIbHA TOYKa

wiomHu. Hexail p — Bigcranp Big Toukn M 1o momroca O: @ — KyT Ha SIKHM

HEOOX1IHO TOBEPHYTH TOJISAPHY BICh HABKOJO MoOdtoca O TMPOTH TOAMHHUKOBOT

CTPUIKH J0 CHIBMAaHHs 3 mpoMeHeM OM .

[TonstpHUMU KOOpAMHATAMH TOYKH M OyleMO Ha3uBaTH Mapy 4YUCET P Ta ¢.
[Ipyu 1pOMYy p BBaXKAETHCA TMEPIIOKD KOOPJAMHATOK 1 HA3UBAETHCS MOJSIPHUM

paziycom, a ¢ — IPyTror0 KOOPJUHATOIO 1 HA3UBAETHCS MOJSPHUM KYyTOM.

[MonsipHuit pamiyc € HEBIA'€MHUM 4YHUCIOM: 0<p<oo, a MOJAPHUU KYyT, fK
MPaBUIIO, 3MIHIOETHCS Yy Takux Mexax: 0<@<2m. YV 1mpboMy pa3l TakoX ICHYE
B3a€MHO OJIHO3HAYHA BIJMOBIIHICTh MIXK OY/Ib-IKOI TOYKOIO Ha IUIOIIMHI Ta Maporo
gucen (p, ¢). OaHak MOBOPOT OCi 10 Toukku M MoOkKe 3IiMCHIOBATHCH TaKoXk 3a

TOJMHHUKOBOIO CTPUIKOIO. Y IIbOMY BHUIAJAKy MOJSPHUN KyT OyAe Bia'€eMHHM.
Ou4eBUAHO, O A JOBUIBHOT TOYKHM IUIOIIMHU KYT BU3HAYAETHCS 3 TOYHICTIO JI0
nepioay 2m, TOOTO, SIKIIO MOBEPHYTHU NMPOMiHbE OM HaBKOJIO nojoca O Ha KyT 27 1
KpaTHUM MOMY $IK 332 TOJMHHUKOBOIO CTPLIKOIO, TaK 1 MPOTHU Hel, TO Touka M micis

IMMOBOPOTY IOINAAC Yy IMMOYATKOBC IMOJIOKCHHS.

[lepexia Bia MOJISIPHOI CUCTEMHU KOOPAMHAT 0 MPSMOKYTHOI 31MCHIOETHCS 3a

bopmynamu
X=pcosp, y=psing, (7)

a BIJl IPSIMOKYTHO1 /10 MOJIAPHOI — 32 popMyTaMu

93



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

p=yXt+y, igp=" (8)

’
X

BiamiTuMo, 1110 piBHICTh tge =x/y BU3HAYa€ JBA 3HAYCHHS MOJISIPHOTO KyTa
Ha OpoMiKKY 0<¢ <2m. I3 HuX IBOX 3HAYEHb KyTa ¢ HEOOXIJTHO BHOpATH TOU, IO

3a710BOJIBHAB O piBHOCTI (7). 3HAHUTH ¢ MOYKHA Tak, HEXAM gp =k TOMII

Q= arctg(k) = arctg(tg((p)) =0Q.

Hpuknan. 3HaTH TOJNAPHI KOOPAMHATH TOYOK, SAKIIO iXHI MPSIMOKYTHI

KOOPJIMHATH BU3HAYar0Thes mapamu uncen P(1, 1), M(-1, —1).

Po3B'sa3anusa. 3rigno Qopmynam (8) maemo il mepmioi TOYKM Taki

PIBHOCTI:
p= V2 , tgp=1.

PiBHiCTh tgp =1 Ha nmpomMikKy 0 <@ <27 BH3HAYa€ JBa 3HAYEHHS KyTa: ¢, =7m/4 Ta
¢, =51/4. Ockinbku sin(5n/4)=—/2/2, cos(51/4)=—/2/2, T0 pismOCTI (7) ANs
ToukH 3 KoopauHatamu (1, 1) i IbOro KyTa He BHKOHYIOTHCS a JUIS KyTa % Ma€eMO
V2
2

sin (7r / 4) = cos ( 7w/ 4) = i TOMY PIBHOCTI (7) BUKOHYIOTHCSI

2
X=pcosQ, = V2 cos (7r / 4) =2 % =1. ToMmy moJIIpHUMHU KOOpJMHATAMHU NEPIIOL

TOYKHU € (ﬁ, n/4). JIJist 3HAXO/PKEHHSI MOJISIPHUX KOOPJAUHAT Apyroi Touku (-1, -1)

OJIEPKUMO T1 3K PIBHOCTI p = V2 i tgp=1. Y nipomy BUNaAKy piBHICTH (7) BU3HAYAE,
. . Sw
10 B SIKOCTI HOJSPHOIO KyTa HEOOXIIHO B3ATH KYT @, = Otxe, ii MOASIPHUMU

KOOpAWHATaMH € I1apa Yucell (ﬁ , S/ 4).
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4.3 PiBHAHHA JiHII HA ITOIUHI

Po3rnsiHemMo CriBBIAHOIICHHS BUTIISITY
F(x,y)=0, (11)

[0 MOB'SI3y€ 3MIHHI X Ta y Yy NPSAMOKYTHIH cuctemi koopauHar. PiBaicTs (11)
OylleMO Ha3WBaTHU PIBHSHHSAM 3 JBOMAa 3MIHHUMHM X Ta ), SIKIIO ISl PIBHICTH Oyje

BHUKOHYBATUCh HC IJIsA BCIX X Ta y.

O3navenns. PiBHsiHHA (11) Ha3uBaeThCs PIBHAHHAM JiHIT / HA TUIOLIMHI Y
3a/IaHiil MPAMOKYTHIA CHCTEMI KOOPJIMHAT, SKIIO I[bOMY PIBHSHHIO 3a/I0BOJIbHSIOTH

KOOpJAWHATH X Ta » JOBUIBHOI TOYKM, SKa JIeKATh Ha IIA JiHIL [/ Ta He

3a/I0BOJILHAIOTH KOOPAUHATH OyAb-SKOI TOUKH, 1110 HE JICKUTh Ha JIIHIi /.
F(x,y)=0, M(x;y)el; F(%,7)#0, M(%;7)el. (12)

I3 o3HaueHHs chaiaye, WO JdiHIA / € CYKYIHICTIO YCIX TUX TOYOK Ha IUIOUIHMHI,
KOOPJMHATU SIKUX 33J0BOJIBHAIOTH piBHAHHIO (11). ¥V mpoMy BuUDAAKy KaxyTb, IO

piBHsiHHS (11) BU3Hauae miHi0 /.
Jlinig [ MoXe mpeACTaBIATUCH PIBHSHHIM
F(p. 9)=0,
nie (p; ) — TONAPHI KOOPJAWHATH TOUKH.

3agaua 4.3.1 3amamo Ttoukm M,(3;-3), M,(3;0), M;(1;-1), M,(-2;-3).
BcranoBuTH, fK1 13 IUX TOYOK JeXaTh Ha JIiHII, 10 BU3HAYAETHCA PIBHSHHSIM

x+y =0, a gkl HE JeKaTh Ha HIH.

3amaua  4.3.2. BcranoButH, SKi JiHII BH3HAYalOThCA PIBHAHHSAMU Ta
nodyaysatu ix: 1) x2 —y2 =0;2) x-y=0; 3) x2 +y2 =0; 4) a) p—acosp=0, 0)

p=ao, ne a>0,3MIHHI p, ¢ — MOJSAPHI KOOPAUHATH.
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3agaua 4.3.3. BuBectu piBHAHHSA KoNa pajiyca R 3 HeHTpoM B Toui (a,b).

6.5. PIBHSIHHSA NPSIMUX HA IJIOIIMHI

4.4 PiBHSHHS NPAMOI 3 KYTOBUM KoedilieHTOM

y=kx+b, (14)

ne Koe(ilieHT & TOPIBHIOE TAHTEHCY KyTa HaXMWIy IpsiMOi 10 oci Ox 1 Ha3UBA€THCS

KYTOBUM KO€(IIEHTOM k =1g(¢), b —OpIMHATA TOYKH IIEPETUHY NPAMO] 3 Biccio Oy .

PiBHSIHHS TpPAMOI, IO NPOXOAMTHL uepe3 3amaHy Touky M(x;y,) i3

3aJaHUM KYTOBUM Koe]ilieHTOM:
y=y =klx—x). (15)

PiBHAAHHS mpsiMol, 10 NMPOXOJAUTH 4Yepe3 ABi 3aJaHi TOYKHU M1(x1; yl) Ta

Mz(xz;yz) (xl Xy, V) F J’2):

X=X% _V=h . (16)
Xo =X V=N

Slkmo abcumca abo opAWHATA IMX PI3HUX TOYOK CITIBMAAAa€, TO PIBHSIHHS IPSMOI

MatuMe BUIIIL: (1, — vy o —x; ) — (3, —x )y — ;) =0.
3arajibHe PIBHSIHHS NIPSIMOI:
Ax+By+C =0, (17)

ne A, B, C — noBunbHiI koediieHTH (A 1 B 0JHOYACHO HE MOPIBHIOIOTH HYIIIO).
KoedimienTn 4 i B € TakoX KOOpJAUHATAMH BeKTOpa 7 = (A, B) NepleHauKyIIpHOro

710 pSIMO1 (BEKTOpa HOpMaJIl MPSIMOi).

PiBHHSA BUBOJAWUTHCA HACTYITHUM YMHOM
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A(x—x1)+B(y—yl)=0,
Ax+ By—Ax,— By, =0,
Ax+ By —Ax,— By, =0,
Ax+By+C=0,

ne C=—Ax, —By,.

YacTuHHI BUNIAJKH 3araIbHOTO P1BHSIHHS.

[.IIpu C=0, B#0. y= —%x , IpsIMa MPOXOJUTH YEPE3 NOYATOK KOOPAUHAT.
C :
2. 1lpu B=0, 4#0. x= " a , IpsAAMa napanenabHa oct Oy .

3.1Ipu A=0, B#0.By+C=0, y=—%, yz—%zb, npsiMa mapanenabHa ocl Oy .

4. Tlpu B=C=0. mpsama € Biccio Oy.
5TIpu A=C=0. y=0 npsma € Biccro Ox.

Hpukaan. Cknactu piBHAHHS MOPSIMOi, sIKa TPOXOAUTH 4Yepe3 JIBl TOYKH

M,(3;1) Ta M,(5;4). PiBnsnus yepes 2 Toukn — L =2~ g gamomy BHmasK
Xo=X =N

MAa€ BUTIIA

x=3 y-1

5-3 4-1

Po3B'a3yBaHHg. Y 0bpoMy BHNAAKy Maemo x; =3,y =1, x,=5, y, =4.

: . - -1
[lincraBuBiIM iX y piBHICTH (16) oTprMaemMo ;C ; = A1 abo

X3 _ Y7Ll 460 3x—2y-7=0.
2 3

6.5.2. Kyt Mix ABOMA MPSIMUMU
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Skmo BigoMi KyTOB1 KOe(II[IEHTH IBOX MpsAMHUX k; 1 k,, TO OJUH 13 KYTIB «

MK HUIMH BU3HAYa€ThCS PIBHICTIO
tga =—2—1. (18)

Jpyruit KyT MK IPSIMUMU JTOPIBHIOE T — QL.
YMoBa napanenbHOCTI IBOX MPSMUX: k| =k, .

. 1
YMOBa NEPHEHAUKYISPHOCT] ABOX IPAMUX: k; = ——.

2
Skuio nBi npsiMi 3a/1al0THCA PIBHSIHHSM B 3arayibHiil opmi 4x+ By +C; =0,
A,x+ B,y +C, =0, TO OJIUH 13 KYTiB MK [IJUMU NPSIMUMHU BU3HAYAETHCI KOTOM MI1XK
JBOMa HOpMAaJIIMH 10 HUX: 7] = (Al, Bl) Ta 1, = (Az, Bz), a KyT MK HOpMaJIIMH
BU3HAYAETHCA 32 (hOpMyIaMu:

(7, -71,) _ 4,4, + BB, .
|| 47+ B2\ 42+ B2

cosa =

YMoBa napanenbHOCTI JBOX MPSIMUX BU3HAYAETHCS YMOBOIO MapaieIbHOCTI IXHIX

. A B
HOpMasel | — =—.
4, B,

YMoBa HCpHGHI[I/IKYJIﬂpHOCTi ABOX IIPAMUX BU3HAYAETHCA YMOBOIO

HepIeHIUKYIAPHOCT] XHIX HOpManeil: 44, + BB, =0.

Bincranp d Big Touku M (xo, yo) 1o mpamoi Ax + By + C =0 3naxogurscs 3a

dhopmyIioro

g | 4xy + By, +C|

v A* + B?
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4.5 BeKTOpHi BeJIMYNHH

VY MOBCSKAEHHIN MPAKTHUIl MU MAaEMO CIIPaBy 3 BeIUYMHAMU ABOX BHUiB. OnH1
3 IIUX BEJIMYMH TaKi, K TeMIlepaTypa, yac, mMaca, JOBXKHHA, MJIOIIA, poOOTa TOIIO
MO>KHA BU3HAYUTH OJHHUM YHCIIOBUM 3HAYCHHSM, IHINI K BEJIMYMHH, TakKl, SIK CHIIA,
MIBUAKICTh, TPUCKOPEHHS TOIIO MOXHA BHU3HAYUTH TUTBKH TOJI, KOJH BIJOMO HE
TUIbKU 1X YMCIIOBE 3HAYEHHS, a W HAmpsM y NpocTopi. BenuumHu mnepuioro BUIY
Ha3UBAIOTh CKAJSIPHMMHU BeJIMUYMHAMHU a00 ckajgspaMu. BenuuuHu Ipyroro BUIy
Ha3WMBalOTh BEKTOPHUMHU BeJIMUUHAMMH.

KoxxHy BEKTOpHY BEIMYMHY T'€OMETPUYHO MOXHA 300pa3uTH HANPSMIIECHUM
MOPSMONIHIMHUM BIAPI3KOM - BEKTOPOM - JOBXHHA SKOTO JIOPIBHIOE UYHCIOBOMY
3HAQYEHHIO BEKTOPHOI BEJIUYMHU {y BUOpaHOMY MacuiTabi) 1 HampsiM CIIBHAJAE 3
HaIpsMOM I1i€1 BETUYUHHU.

Bektop BH3HA4aloTh JBOMa TOYKaMHU: MEpIia - 1€ MOYaToK ioro, apyra -
KiHeIb; JOJaTHUN HAmpsiM BEKTOpa - BIJl MOYATKY M0 KIHIIEBOI TOYKH, HAIPUKIA],
BEKTOp 4B Ma€ IMOYATOK y TOYIi A 1 KiHEeUb Yy TOYIli B, CTpiJKa BKa3ye HampsMm
BEKTOpa.

SIkmo moyaTtok 1 KiHEIb BEKTOpa CIIBOaal0Th, TO BEKTOP HA3UBAIOTh
HYJIbOBUM (HYJIb-BEKTOD).

JIBa HEHYTHOBHUX BEKTOPH AB i CD HA3WBAIOTh KOJiHEAPHUMH, SKIIO MPSMi
AB 1 CD napanenbHi a00 CIiBOaAa0Th.

Bektopu Ha3uBaoTh KOMIUIAHAPDHUMH, SIKIIO BOHHM JIeKaThb B OAHIA abo
napajieibHUX IIIONIUHAX.

JloxkuHa, a0 MOLYJb, BEKTOpa AB- Iie BiACTaHb MiX iforo modatkom A i
KiHmeM (MoBXkHMHA Bimpiska AB). Jns Momyns BeKkTopa AB BHKOPHCTOBYIOTh

HO3HAYEHHS ‘E‘ a60 ‘E‘:‘Z‘ BekTop, IOBKHHA SKOTO JODPIBHIOE OJMHMIL,

HA3WBAIOTh OMUHUYHHUI BEKTOP a00 OpPT.

BekTopu piBHIi, AKIII0 BOHHU KOJIiHEaAPHi, MalOTh OJJHAKOBI HANIPSIMHU i PIBHI
MOJY.JIi.

Ha puc.1, ne ABCD € mapanenorpam, 300pakeHO piBHi BEKTOpH AD =BC.
Bektopu 4B i CD He piBHi. X04 1Ii BEKTOPH i KOJTiHEAPHi, i MAIOTh PiBHI MOy, ajle
BOHHM IIPOTHJICKHO HANPAMIIEHI. AB=b, BC =a
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Puc. 15

Bektopu MmoxHa q01aBaTH, BIAHIMATH, MHOKUTH Ha YHCIIO.

JlonaBaHHs 1BOX BEKTOPIB - 1Ie onepallis noOyJ0BHU 3a JBOMa BEKTOpaMH a 1
b TPETHLOTO BEKTOPA - BEKTOPA CYMH c.

Puc. 16

Lito nobyaoBy BUKOHYEMO Tak: 1) 3 A0BinbHOI TOUYKM O BiAKNAAAEMO BEKTOP
OA=a; 2) 3 Moro KiHUA A BiAKNafaemo BeKTOp AB=b,; 3) 3'eAHAaEMO moyaTok O
neplworo BeKTopa 3 KiHuem B apyroro. 3HahgeHwui B pe3ynbTaTi Uiel nobynosu

BEKTOp OB = C Ha3MBalOTb BEKTOPOM-CYMOIO BEKTOPIB a i b .

O3HauyeHHA. CYMOIO BEKTOPiB a i b € ¢ BEKTOP , WO CMOJYYaE MOYaTOK
BEKTOPa @ 3 KiHLEM BeKTopa b 3a YMOBW, LLO BEKTOP b BiAKNAAEHO Bif KiHLA

BEKTOpa a.
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4.6 CxajaspHuil 100yTOK i HOro BJACTUBOCTI.

O3HayeHHA 1. CkanapHum 006ymKom p[BOX BEKTOPIB HA3MBAETbCA YMUCNO, SIKE
NOPIiBHIOE A0OYTKOBI X abBCONOTHMUX BEAMYMH HA KOCMHYC KyTa Mix

HUMMW.

CKanapHui A06YTOK BEKTOPIB @ Tah NO3HAYaeTbcA cumBonom (a, b) abo a-b;

abconoTHa BENMUYMHA NO3HAYAETLCA ‘5‘ ma ‘1_7‘ i 0buncntoeTbea 3a Gopmynoto, AKLLO
a= {ax;ay;az}, b= {bx;by;bz},

TO
‘a‘z#af +ai +a’ i‘b‘ =./b] +by2 +b? .

OT)Ke, Ha OCHOBI O3HAYEHHA OTPMMAEMO Popmyny:
(a,b) = ‘Z‘ : ‘Z_)‘ - COS @ (4.5.1)

Ae @ - KyT Mix BekTopamu d Ta b .
OcKinbku Hpiﬁ = ‘5‘-005(0, szz = ‘E‘ cosQ,

TO
(@5 =[a|-11p,5 =] T, a

~_ab
Ilp,a = \B\ (4.5.2)

OCHOBHi BN1aCTUBOCTI CKaNApHOro ao06yTky
1. (a,b)=(b,a).
2. (Aa,b)=A(b, a).
3. (a+b,c)=(a,c)+(b,0).
4 2, 3610KU ‘E‘ = w/(Z, a).
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5. (E, 5) = 0, AKWoO alb abo OAMH 3 HMX, abo 06MaBa € HYIbOBMM BEKTOPOM.

4.7 BEKTOPHUMH JOBYTOK BEKTOPIB.

4.7.1 BekTopHHii 100yTOK BEKTOPIB i HOro BJIaCTHBOCTI.

O3nauenna. Tpu BEKTOPU HA3UBAIOTHCA 6HOPAOKO8AHOI0 mpilikolo (200 TPOCTO
TPIAKOI0), SIKIO BKA3aHO, KWW 3 IUX BEKTOPIB SBISETHCS MEPIINM,
SAKUW — APYTUM, 1 IKUI — TPETiil.

O3nauennsn. Tpifika HEKOMIUTAHApHUX BEKTOPIB a,b,Cc Ha3WBa€TLCS MPaABOIO

(1i6010), AKILO BUKOHYETHCS OJJHA 13 HACTYITHUX TPHOX YMOB:

l. SKmo, BEKTOpW 3BEAEHI [0 CHUIBHOTO IOYaTKy, 1 BOHHU
PO3MIIIEH] TaK, 0 MOXYTh OyTH pO3TallOBaHI BIANOBIIHO
BEJIUKUHM, HE 3ITHYTHI BKa31BHUU 1 CEpeliHIM Maiblll MpaBoi
(J1iBOT) pyKH;

2. SKOO0 TICHS 3BENEHHS N0 CIHUIBHOIO IMOYaTKy BEKTOp C
pO3TalllOBaHW 1O Ty CTOPOHY BIJ IUIOUIMHH, sKa
BU3HAYAETHCI BeKTOpaMu aib, 3BigkM HAHKOPOTIIUI

MOBOPOT BiA @ 10 b 3MIHCHIOETHCS MPOTH YaCOBOI CTPUIKU
(3a 4acoBOIO CTPIIIKOIO);

3. AKIIO  3HAXOASYHMCh  BCEPEAMHI  BHYTPIIIHBOIO  KYTa,
YTBOPEHOT'O MPUBEACHUM [0 CIUIBHOTO MOYaTKy BEKTOPiB

a,b,c, mu 0auuMO TOBOPOT BiA a 10 b1 Biag HBOIO 0 C

3MIACHIOETBCS TMPOTH  YacoBOi CTPUIKKM (32  YaCOBOIO
CTPUIKOIO)
O3nauenna. Agpinna ado Jlekapmosi cucmema Koopounam HAZUBAETHCI HPABOIO
(1igo10), siK1IO TpU 0A3UCHUX BEKTOPA YTBOPIOIOTH MPaBy(JiBY) TPIHKY

O3nauenns. Bexkmophum 000ymkom BEKTOpiB a Ta b HAa3uWBaeThCA axb, SKAU
3aJI0BOJIbHSIE YMOBaM:

1) BEKTOp axb TEPNEHANKYIAPHHI 10 BEKTOPIB aib;
2) NOBXHWHA |axb| BeKTOpa axb IOPIBHIOE ILIOINII Tapajesorpama
moOy0BaHOTO HA BEKTOpax a 1 b ‘sz‘ —a-b-sing oJe ¢ :(Z, 5) (23)
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c=avls

A HPIJP

-

Puc.17
OCHOBHI BJIACTHBOCTI BEKTOPHOI'0 100yTKY

1. axb=—bx a.(BeKTOpHHUIL N0OyTOK  3aJIeKUTh  BIJ  IOCIHIIOBHOCTI
CIIBMHOKHUKIB)
A(ax b) = (Aa)x (Ab).

3. (a+b)xc=axc+bxc.

4. BEeKTOpHMI JOOYTOK JOPIBHIOE HYJIBOBOMY BEKTOPY TOJ1 1 TIIBKH TOA1, KOJIU
BEKTOpU KoJliHeapHi (mapasenbHi) abo xo4ya O OJMH 3 HUX HYJIHOBUU TOOTO

axb=0,

dopmyJia BUPaKEeHHS] BEKTOPHOI0 J00yTKY 4Yepe3 KOOPAMHATH CITIBMHO>KHHKIB
Ma€ BUTJIS:

ixb=la a a (24)

Hpuxanan. Jlano touku A(2; -1; 2) , B(1; 2; -1), C(3; 2; 1). 3naiiTu BeKTOpHUI
100yTOK BEKTOPiB AB x BC .

Po3B’s13aHH4A:

3HaXO0AUMO KOOPIMHATH BEKTOPIB AB ma BC AB={-1;3;-4}, BC ={2;0;2}.

ik
ABxBC=|-1 3 —4|=6i—4j—6k.
2 0 2
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Ot1xe, 4B x BC ={6;—4; -6},

Binnosiab: BekropHuii 100yTOK BEKTOPIB 4B ma BC JAOPIBHIOE {6;—4; -6}

4.7.2 3acrocyBaHHSI BEeKTOPHOIr0 100yTKY BEKTOpIB.

PosrnstHemo 3amadi B SKUX MpU iX PO3B’S3aHHI 3aCTOCOBYETHCS BEKTOPHHI
100YTOK BEKTOPIB.

3agaua 1. O0uuciaeHHs] IJIONUII MapaJjiejiorpaMa: 3riJHO 3 BJIACTUBOCTEH ILIOIIA
napajiejorpama JOpiBHIOE TOOYTKOBI HOTO CyMI)KHUX CTOPIH Ha CUHYC KyTa

MiK HHMH, TOOTO S=E-E-sin(p=‘5x5‘ TOMY MO’KHAa BUBECTH (OPMYIY LIS

00YMCIIEHHS TUIOIII Mapanenorpama:
S = ‘a X b‘ (25)

®opmyna (25) € bopmyIioro sl 00UUCIeHHA nA0Wi napanenozpama.

3 oOuMClieHHd IUIONIl MapajenorpaMma 3HaxoauMo (opMmyay OOYHMCICHHS
IUIOLII TPUKYTHHUKA BOHA OyJie JOPIBHIOBATH MOJOBUHI IIJIOLII Tapajieaorpama, To0To

S, = %\5 <7 (26)

®opmyna (26) € hopmyIior0 sl 00UUCIEHHA NI0WT MPUKYMHUKA.

Hpukaang 15. OOGuucauTu IWIONly Napajienorpama, MoOyJIOBaHOTO Ha BEKTOpax

Z:{h 0; —i}, b=1{4;-12; -5}

Po3B’sa3aHH4A:

3acTocoBytouu hopmyiy (25) oTpuMaeMo

axb=[ 0 ——|{=-3i+4;-12k

wn A= x|
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axb= {-3;4;-12} Tomy mioma gopiBHIOE:

S = \5 x B\ = (=3)* + 4 +(=12)* =13 (x6.00.)

Binnogiab: [Tnomna mapanenorpama gopiBHIo€e 13 (k6.00.)

Hpuxaan 16. 3HaliTy MIoNy TPUKYTHUKA 3 BepiinHamu y Toukax A(l; 2; 1), B(4; 3;
2),C(2; 4; 4).

Po3B’s13aHH4A:

Hexaii a= AB= {3; I; 1}, b=AC= {1; 2; 3}. 3HAXO0IUMO axb:

i

k
axb=3 |=i-8j+5k
3

N = .|

lax B[ =17 + (=8) + 5% =+/1+64+25 =/90 =310

[Tnoma TpukyrHuka AABC fopiBHIOE TMOJIOBMHI IUIONII Mapaleaorpama,
1noOy0BaHOTO HAa BEKTOpax aTa b :

S, :%‘axg‘ :%-%/l_:%\/ﬁ (k6.00.)

Binnogiab: [Tnoma AABC nopiBHI0€ %«/ﬁ (x6.00.)

3agaua 2. OOuMciIeHHA MOMEHTY cuJM. SKmo BekTop F 300paxye cumy,
NPUKITAZICHY 0 TOYKH M, a BEKTOpP a=0M , TO BEKTOP ax F € MOMEHTOM

cumn F B1THOCHO To4uku O, TOOTO
mom F =axF (27)

®opmyna (27) € opMyIoro Uil 004UCIeHHA MOMEHMY CUIL.
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Mpuxknax 17. Cuia F= { 1;-2; 4} npukiagena a0 toukuw M(1; 2; 3). 3uaiitu
MOMEHT I11€1 CHIH BigHOCHO To4uku A(3; 2; -1).

Po3B’s13aHH4A:

3Hax0qMMO KOODAMHATH BeKTOpa AM ={-2;0;4} i 3acrocoByroun ¢opmyay (26)
OTPHMAEMO

ik
mom F=AMxF=|-2 0 4|=8+12]+4k.
1 -2 4

mom , F = (8;12; 4).

Bianosias: MoMmeHT cunu nopiBHIOE 7OM JF=(8;12; 4).
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4.8 MIINIAHUA JOBYTOK TPHOX BEKTOPIB.

4.8.1 BusHayeHHs MIIIAHOTO J00YTKY TPHOX BEKTOPIB i HOr0 BJIACTHBOCTI.

Hexait nmani Tpu [OBUIBHI BeKTOpH d,b,c. SIKIIO BEKTOP @ BEKTOPHO
IIOMHOKUTH Ha BEKTOp b, a IOTIM BEKTOp, AKMH OTPUMAEMO HPH LBOMY a X b

CKaJIApHO TIOMHOKHTH HA BEKTOP €, TO B PE3YIBTATi OTPUMAEMO YHCTIO (axb)-c, AKE

HA3UBAETHCS MIMAHUM O0OYMKOM 6EKMOPIE a, b, c.

['eoMeTpuuHe TIyMauyeHHs MIIIAHOTO JOOYTKY BEKTOpIB BKa3ye HACTyIHa
TeopeMa.

Teopema 6. Mimauuii 100yTOK (axb)-c JOPIBHIOE 00’€MOBI mMapasernerrinesna,

o0y TOBAaHOTO Ha MPHUBEACHUX JIO CIUIBHOIO MOYAaTKy BEeKTOpax a,b,c,

29

B3SATHX 31 3HAKOM ,,t”°, SKIIO Tpiiika a,b,c — mpaBa i1 31 3HAKOM ,,—,

SKIIO TpiiKa a,b,c miBa. SIKI0 K BEKTOpPH a,b,Cc KOMILIaHapHI TO

(axb)-c JOPIBHIOE HYJEBI.

JloBeneHHS.

[Ipunyctumo, 110 BEKTOpHU a, b, ¢ HE KOMILIaHapH1. Tomi Hp;; = h 3 TOYHICTIO

70 3HaKa, JOPIBHIOE BHUCOTI h mapanenemninena moOyAOBaHOTO Ha 3BEICHUX [0

CHUTBHOTO TIOYaTKy BEKTOpiB a,b,c TpW yMOBi, IO OCHOBOI CIYKHTh

napaseyorpam, o0y 10BaHHid Ha BEKTOpax a, b .

OTtxe, Hioro 00’eM nmapaJiesenineaa o0UUCIIOEThCS 32 (POPMYIIOIO

V=S-h=(ab,c)=(axb)c (28)
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Puc.18

OCHOBHI BJIACTHBOCTI MIILIAHOT 0 100YTKY

1. (a,b,¢)=(b,c,a)=(c,a,b)=—(b,a,c)=—(c,b,a)=—(a,c,b)

2. SKIIO MIMAHUKA AOOYTOK TPbOX BEKTOPIB JIOPIBHIOE HYIIO, TO BEKTOpPHU

KOMILJIaHAPHI.

3. mimaHui JO0OYTOK TPhOX BEKTOPIB, JIBa 3 SIKUX CIIBIAJAl0Th, JOPIBHIOE

HYJIEBI.

4.8.2 O0uncIeHHS MILLIAHOTO J00YTKY Yepe3 KOOPAUHATH BEKTOPIB.

Hexait naHi KOOpAMHATH BEKTOPIB
a= {ax; a,; az}, b= { X;b},;bz}, c= {cx; s cz}
TO MIIIAHUM T0OYTOK OOUUCTIOETHCS 32 (POPMYJIIOO:

a, a,

aZ
(a,b,c)=b, b, b,

c, ¢ c

(29)

dbopmyna (29) — popmyna mimanoro 100yTKy, AKUil 3aJaHU CBOIMH

KOOpPAMHATAMM.
4.8.3 YMoBa KOMILUIAHAPHOCTI TPbOX BEKTOPiB.
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SIKIIO BEKTOPH a, b, ¢ KOMIUTAHAPHI, TO (a, b, ¢) = 0, TOOTO

a, a, a,
(a,b,c)=|b, b b |=0 (30)
¢, ¢, c

IMpuxaax 18. 3HaiiTi Mimanuii 100yTOK BEKTOPIB a = {3; 2;1}, b= {I; 4;1}, ¢ = {I; 1; 3}.

Po3B’s13aHH4A:

3acTocoBytouu hopmyiy (28) oTpuMaeMo

32 1
(a,b,0)=[1 4 1|=36+2+1-4-6-3=26
1 1 3

Bigmosian: Mimmanwuii 100yTOK BEKTOPIB a, b, c¢ JOPIBHIOE 26.

b

Hpuxaan 19. Iepesiputu, un touku A(1; 2; -1), B(0; 1; 5), C(-1; 2; 1), D(2; 1; 3)
JIEYKATh B OJHIN IUIOIIMHI.

Po3B’sa3aHH4:

YMoOBa, 4YM 3HaXOAATHCS TOYKA B OJHIA IUIOMIMHI — 1€ € YMOBa
KOMILUIAHAPHOCT1 BEKTOPIB.

3HalIeMO KOOPJAMHATH BEKTOPIB E:{—l;—l; 6},E’:{—2; O;2},E:{l;—l; 4} 1

00UYnCIUMO iX MiaHu 100yTOK. OTpUMaEMO:

-1 -1 6
(AB,AC, AD)=|-2 0 2/=0+(-2)+12-0-8-2=0
1 -1 4

OT1xe, 1aHl BEKTOPU KOMILJIaHAPHI, TOOTO Jie)KaTh B OJH1M TUIOIIHHI.

Bignosiab: Toukn A, B, C, D nexats B OJHIN IIOITHHI.
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4.8.4 3acrocyBaHHs MILIAHOT0 100YTKY BeKTOPiB.

PozristHemo 3aaadi K1 MU iX po3B’sI3aHHI 3aCTOCOBYETHCS MIIIAHOTO T00YTKY
BEKTOPIB.

3agaua 1. OOuuciaeHHss 00’emy Tterpaeapa (TpukytHoi mipaminu) OO0’em
TpukyTtHOoi mipamizn  ABCD cTaHOBUTH OJHY IIOCTY 00’ €My
napasesnemninesa, mooy10BaHOTO Ha IAHUX BEKTOPAX AB, ACi AD, TOOTO

1
Vp = (4B, AC, AD) G1)

Hpuxaan 20. 3uaiitu 00’ eM mipamian, BEPUIMHU K0T 3HAXOAThCS B Toukax A(2; -1;

Po3B’s13aHH4A:

3HaxX0AUMO KOOPJIUHATH BEKTOPIB E, ACi AD:
AB=3;6;3}, AC ={I;3; -2}, AD =1{2;2; 2} nani o6uncmoemo ix Mimanuii 106yTOK
3

306
(4B, AC, AD)=|l 3 —2|=18+(-24)+6-18—12—(-12)=-18
2 2 2

Bukopucrosyroun Gpopmyiy (30) orpumaemo 7, = é|— 18] =3 (ky6.00.)
BignoBiab: O6’em mipamMian A0pIiBHIOE 3 (k16.00.)
Hpuxaan 21. Jlano Bepmmnan tetpaeapa: A(2; 3; 1), B(4; 1; -2), C(6; 3; 7), D(9; -4;

8). OOUMCANTH JAOBKUHY BHCOTH, OMYILIEHOI 3 BEpIIMHU D Ha MiomuHy
ABC.

Po3B’s13aHH4A:

3HAXOJMMO KOODJMHATH BEKTOpiB AB, AC i AD, sKi 36iraroThcs 3 peOpaMu
TeTpaenpa

AB=1{2;-2;-3}, AC={4;0;6}, AD={7;—7;7} mami oGuncIOEMO X MilIaHUIt TOGYTOK
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2 -2 -3
(4B, AC, AD)=|4 0  6|=0-+(-84)+84—0—(-56)—(~84)=140
7 -7 7

BukopucroBytoun popmyiy (30) orpumaemo 7, = é|140| = ? (ky6.00.)

3 1HIIOTO OOKY

Vi == " Saasc *h. (32)

nip

ne h — Bucorta mipamiam.
BuxopuctoBytouu ¢popmyiny (25) To mioma AABC gopiBHIOE TOJIOBUHI IO

napasenorpama, mo0yJ10BaHOr0 Ha BEKTOPAX 4B AC, TOOTO
l -
S e = E‘AB x AC|

ik
ABxAC=]2 -2 -3=-12i-24)+8k
4 0 6

\Ex%\ = J(=12)? +(—24)> +8* =144+ 576+ 64 = /784 = 28

[Tnoma TpukytHuka AABC  10OpiBHIOE MOJIOBHUHI IUIONII Mapajeiorpama,

1100yI0BaHOTO HAa BEKTOPaxX ABi AC:

S, = %‘EXA_C‘ :%-28 — 14 (k6.00.)

70 —%-14-;1, 14h =70, h=5.

Binnosiab: JloBxxnHa BUCOTH, OMYIIEHOT 3 BEpIIMHU D AOPIBHIOE 5 00.

4.8.5 Ipukiaanu i MeToau po3Bs’3aHHA 321249 3 AHAJITHYHOI reoMeTpii
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3agaua Nel
Hani nBi Toukn A(3,8), B(-5,4)

1. Po3paxyBatu BifiIcTaHb MiXX TOYKamMu 4 1 B

Po3B’30K

[ AB|=y(x, —x )" + (3, - »,)" =\64+16 =45

2. Po3paxyBaTu CipIMOBYIOUYMI KyT BEKTOpa AB

Po3B’A30K

cos Z(AB,Ox) = X=Xy 2

|4B| 5

L(E, Ox)=rm— arccosi

J5

3. Po3paxyBatu koopaunatu Touku C(xc; yc), CEpeHbOI Ha Binpi3Ky AB

Po3B’si30k
Xyt X Vit Vs
X :—:—1, :—:6
¢ 2 ¢ 2
C(-1,6)

4. CxyacTtdl piBHSHHS TIpsiMOi /1, sika IPOXOAUTH uepe3 TOUKH A 1 B.

Po3B’A30K

Hl: X~ Xp — Y= Vg

Xy=Xp Vyi— Vs

. [lincTaBuBIIN 3HAUEHHS
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5. Cxiiactu piBHSIHHA NPAMOT [15, sika JIeKUTh y TUIoIKHI OXy 1 TPOXOIUTh Yepes

TOUKY A, NIEPHEHAUKYISPHY 10 BEKTOpa AB .
Po3B’A30K

AB = (—8,—4). Toxai mrykaHa npsiMa 3aruilieTbCcsl y BUTIISI L
IT,: —8(x-x,)—4(y—y,)=0, abo
8x+4y—-56=0

6. IlepeBipuTH, 4 NpOXoAUTH npsima 11, yepe3 Touky D(3,-2).
Po3B’s130k
[TimcraBUMO KOOpAWHATH TOYKU D B pIBHIHHSA [/5:

8-3—4-2-56=-40+0, BignoBinHo Touka D He exuTh Ha 11,

7. OOUUCIUTH KYT MK BEKTOPOM AB i pazilycoM-BEKTOPOM OD
Po3p’s130K

AB-OD -83+(4)-(-2) 4

[AB|OD| 4532 +22 65

L(E,@) = — arccosi

J65

8. 3Haiitu BekTOpHUI JOOYTOK (Z B xOD )

cos Z(AB,0OD) =

Po3B’A30K
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OOunBa BEKTOpH JeXaTh y MIomuH1 Oxy, TOMY iXH1 BEKTOPHUN JOOYTOK
MEePNEHIUKYIApHUN 10 i€l mnomuHu. TooTo nepii nBi koopauHatu piBHi 0. Tpers

€ 3BHAYCHHSAM BU3HAYHHKA 3 KOOPpAKWHAT BCKTOpiB.

(Ex%)z(o,o, ;

2‘] =(0,0,28)

9. 3poOUTH MaIOHOK, SIKUW UTIOCTPYE 1 MOSICHIOE PO3B’A30K 3a/1a4i

Po3B’A30K

Puc. 19.

3agaua Ne2

JlaH1 YOTUPU TOYKHU, SIK1 YTBOPIOIOTh YOTUPUKYTHY MipamMiay
A(2,2,2), B(-4,3,3), C(4,0,4), D(5,5,1);

1. Po3paxyBatu BiCTaHb MK TOYKaM# A 1 B.

Po3B’s30K

[ABl=(x, = x,)* + (v, - ¥,)* + (2, —2,) =36 +1+1=1/38

2. Po3paxyBaTu KyT Mix pedpom AB ta pedbpom BC.
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Po3B’s130k
BA=(6,—1,-1); BC =(8,-3,1)

BA-BC _ 6-8+1-3-1-1 25
|BA||BC| 38/64+9+1 /703

cos L(ﬂ,%) =

3Binku £(BA, BC) = arccos 25

V703

3. Po3paxyBaTu BijicTanb BiJl TOUKU 4 10 Bipi3ky BC;
Po3B’si30k

Bincrans MoxHa po3paxyBaTH sIK BACOTY TPUKYTHHUKA

— — 2 139
d(A,BC)=| AB|sinZ(BA,BC)=+/74,]1 _625 =2 3
703 19

4. Hanucatu piBHSHHS IUIOIINHY, KA TPOXOAUTH uepe3 Tpu Touku O, A, B.

Po3B’A30K

[Tnomuny, sika NpoxoauTh uepe3 Touku O, A, B MOxHa 3HalTH 32 POPMYIIOIO

X=X, Y=YV, 272, |x y z
X=Xy V,~Vo Z~Zp=|2 2 2|=—14y+14z=0

Xg=Xo Vy—Vo Zp—Zo |4 3 3

CopoctuBmm, otpumaemo (OAB):y—z=0

5. HanucaTtu piBHSHHS MPSIMO1T, sIKa MPOXOIUTh yepe3 Touku O, A.
Pos3p’s130k
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[IpsiMa 3HAXOAUTHCS 32 POPMYJIIOIO

X=X _Y=YVo _ 272

X, Xo Vi= Vo 24729

L CropocTuBIIM, OTPUMAEMO
2 2 2

OA:x=y=z

6. Hanmucatu piBHSHHS MPSIMOI, sIKa MPOXOJUTh Yepe3 Touku 4, B.
Po3p’s130k

[Ipsima 3HAXOAUTHCS 32 POPMYJIIOIO

X—X - z—z
s - V7 £ Orpumaemo
x

—Xg V47V Z47Zp

A

AB:x+4

=—y+3=-2z+3

7. Po3paxyBatu 00’ eM nipaminu ABCD.
Po3B’s130k

O0’em mipamMig MOXHa OOYMCIUTH SIK OJHY IIOCTY BIJ 3MINIAHOTO JTOOYTKY

BEKTOPIB, HA IKUX BOHA MOOY0BaHA.
AB=(-6,11), AC=(2,-2,2), AD=(33,-1)

-6 1 1

VABCD=(AB-AC-AD)/6=% T :—12+6+66+6+36+2:%

3 3 -1
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8. Hanucatu piBHSHHS IJIONIMHU, SIKa MPOXOJAUTH 4Yepe3 TOUKY A 1 sika BIITUHAE

PiBHI BIIPI3KK HA OCSIX KOOPJIUHAT.

Po3B’s130k
Taka miommHa Mae BekTop Hopmadi (1,1,1). 3Biacu

I-(x-2)+1-(y—-2)+1-(z—2)=0, abo, cpoctuBmn, X+ y+z—6=0

Puc. 20.
3amaua Ne3
II: x’+4y°=4

A(1,-2,5)
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CkacTu KaHOHIYHE PIBHSIHHS KPUBOM JIiHII, SIKa € JIHIEI0 NEPETUHY MWTTHAPUIHOL

noBepxHi /1 Ta HaxXWIeHOI IIomuHu 11, aKa TpoXOAUTH Yepe3 och Ox 1 TOUKY A.
Po3p’s130k
[lepeTvHOM MIOIMIMHY Ta €IINTUYHOTO UJIIH/pA € EJIIIC.

3ayBaxxuMo, 110 OJ[HA 3 OCEH 1IHOTO EJIiNca CIIBHaJae 3 TIEI BICCKO OCHOBHOTO €Iirca

WJIIHAPA, KA JEXKUTh Ha oci Ox.
J17ist 3HaXOMKEeHHS JPYTroi OC1 eJlirnca CIpoeKTyeMO Bce Ha miomuny Oyz.

Jpyra Bich OyJie jeKaTu Ha MPSAMO1, SIKa MPOXOAUTh Yepe3 MOYaTOK KOOPAUHAT 1
MPOEKIIII0 TOUKU A, TOOTO Ha nipsMoi Sy+2z=(. IIpu oMy 1i€10 BiCCIO € BIAPI3OK,

PO3HAIIOBAaHUI MOCepeInH1 MPOEKIii HIiHApa, To0TO MiX -1 1 1 3a Biccio Oy. OTxke

MaeMOo, 110 JPYTa Bich piBHA 2./1+(5/2)* =~/29

2 2

Bignosiab: x? + Y 1

29
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R

.

AN

|

AN

NSNS N

Puc. 21.

3amaua 2.3

Kpuga apyroro nopsiaky 3ajiaHa piBHIHHSM:
allxz + 2a12xy + azzyz + 2a13x + 2a23y + a33 - 0
BuzHauutu THMN 1i€1 KPUBOi, 3aNIMcaTH 11 KAHOHIUHE PIBHSHHS 1 MOOYyBaTU B CTapiid

CUCTEMI KOOpIMHAT

Ne BapianTa a; ap as; as az;z assz
1 1 -2 3 -1 0 1
2 3 -1 3 2 2 -4
3 5 12 -1 2 -2 -1
4 0 -3 0 0 1 3
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5 5 2 I 2 = 0
6 2 E 3 _ E E )
2 2
7 1 B I 2 3 3
8 3 1 3 3 B 0
9 4 2 I 6 3 9
10 I 0 0 3 4 1
1 I I 1 > 7 6
2 2
12 7 2 2 220 .16 5
13 1 -1 1 1 -1 3
2
14 1 B I _> _Z 6
2
15 2 _2 B 3 I 0
2
16 I 4 4 3 B I
17 1 1 I 1 1 4
18 8 0 3 I 0 i
19 I B 2 2 3 29
20 9 3 1 1 0 B
21 1 B 0 I I I
22 1 1 I B 2 12
2
23 9 -6 4 8 1 0
24 I B I 2 3 3
25 6 2 9 2 116 -6
26 I B 2 2 3 3
27 1 B I I 3 0
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3 5 12 B 2 2 B
4 0 3 0 0 1 3
5 s 2 I > L 0
2
6 2 > 3 _3 > 2
2 2 2
7 1 B 1 2 3 3
8 3 1 3 3 B 5
9 4 2 1 6 3 9
10 1 0 0 3 4 1
11 1 1 I > 7 6
2 2
12 7 2 2 20 16 5
13 1 B 1 1 B 3
2
14 1 B 1 _> _Z 6
2 2
15 2 _2 B 3 1 0
2 2
16 1 4 4 3 B 1
17 I I 1 1 1 4
18 8 0 3 I e 1
2
19 1 B 2 2 3 29
20 9 3 1 1 0 7
21 I B 0 1 1 1
22 1 1 I B 2 12
2
23 9 -6 4 8 1 0
24 1 B 1 2 3 3
25 6 2 9 2 .16 -6
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26 1 B 2 2 3 3
27 1 B 1 1 3 0
28 I I 1 1 1 4
29 9 3 1 3 1 0
30 1 0 1 2 3 0
31 0 0 2 4 6 3
32 I 2 4 1 B B
33 5 6 0 11 -6 19
34 3 5 7 2 1 1
35 1 -1 2 -2 3 3
36 3 3 5 2 3 10
37 9 12 16 20 15 0
38 1 B 2 2 3 e
3
39 3 1 B 4 5 14
40 0 _ % I ; % 10
41 3 2 4 B 2 2
42 1 3 9 2 6 5
43 3 B 3 2 2 4
44 5 2 8 16 28 80
45 I = B _ % _ % 0
46 9 2 6 3 4 2
47 1 3 1 3 1 B
48 5 — % 1 _3 1 -5
49 2 2 5 8 0 3
50 1 -1 2 -2 = 3
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51 0 1 3 1 3 5
1
52 21 z 10 0 0 0
2
53 : P 4 5 10 25
54 I 2 4 3 3 0
55 4 D) : 2 B :
56 1 I | 4 0 4
57 : B 3 D) 3 3
58 3 30 7 8 B I
59 2 3 5 B : 10
60 0 5 D) 3 2 21
61 | 5 14 0 0 0
2
62 I - 1 1 D) 12
2
63 : P 3 : B 0
64 2 P I 1 3 3
65 0 1 I S 7 10
2 2
66 3 1 2 5 D) 0
2
67 | _3 | 0 I I
2
68 3 7 5 2 > I
2 2
69 9 6 2 4 0 0
70 1 0 0 L 1 0
2 2
7 5 12 B 2 0 :
7 2 2 3 B I P
73 3 1 3 3 1 5
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74 0 0 - 1 3

75 1 3 2 2 4

76 0 L 21 1 0

2

77 7 5 2 5 I
2 2

78 > 3 _3 _25 5
2 2

79 1 3 D) 3 3

80 I | S 7 6

2 2

81 E 3 E 8 0
2 2

82 3 9 0 9 0

83 1 1 _ 15 _3 18

2 2

84 > 1 > 7 6
2 2 2

85 1 1 1 > 5
2

86 7 2 D) 3 3

2

87 2 ] b 1 4

38 5 3 5 3 3
2 2

89 1 | I 3 3
2

90 L 0 1 2 0

91 ) 5 4 0 6

92 > | S 7 6
3 2

93 2 5 4 0 6
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94 I B 2 ) 3 3
95 6 1 1 5 1 2
2 2 2
96 2 2 3 _3 3 0
97 1 1 1 I 3 3
08 3 1 2 5 D) 0
2
99 1 B 1 ) 3 3
7
100 3 Z 2 3 D) 3
2
51 0 1 3 1 3 5
52 21 - 10
2
53 : ) 4 5 10 25
54 | 2 4 3 3 0
55 4 D) : 2 B :
56 1 I | 4 0 4
57 : B 3 D) 3 3
58 3 30 7 8 B I
59 2 3 5 B : 10
60 0 5 D) 3 2 21
61 I 5 14 0 0 0
2
62 I - | 1 D) 12
2
63 : ) 3 : B 0
64 2 P I 1 3 3
65 0 1 | S 7 10
2 2
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66 1 2 5 D) 0
67 _3 I 0 1 1
2
68 7 5 2 > |
2 2
69 6 2 4 0 0
70 0 0 1 1 0
2
71 12 1 2 0 I
7 2 3 B I P
73 1 3 3 1 5
74 0 0 - 1 3
75 1 3 2 2 4
76 0 L 1 1 0
2
77 7 5 2 5 I
2 2
78 > 3 _3 _25 5
2 2
79 1 3 D) 3 3
80 I | S 7 6
2 2
81 E 3 E 8 0
2 2
82 3 9 0 9 0
83 1 1 _15 _3 18
2 2
84 > | > 7 6
2 2 2
85 1 1 1 3 1
2
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86 3 Z 2 D) 3 5
2

87 1 2 ] b 1 4

88 2 > 3 5 3 3

2 2
89 1 1 1 1 3 3
2 2

1

90 6 1 0 1 2 0
2

91 2 P 5 4 0 6

92 1 s 1 > 7 6

2

93 2 5 4 0 6

94 I 1 2 D) 3 3

95 6 1 1 5 1 2

2 2
96 2 2 3 _3 3 0
2 2
97 1 1 1 1 3 3
08 3 1 2 5 D) 0
2

99 1 1 1 ) 3 3
7

100 3 - 2 3 D) 3
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S BexkTopHHUIl aHAJI3

O3Ha4yeHHA 1. BeKTOPOM Ha3MBAETLCA HanpAMIeHuI Biapisok AB. bykea A
3a3HayYya€e NoYaToK BEKTOpPa, a bykBa B — 110ro KiHelb.
BeKTop TaKoX MOXKe NO3Ha4YaTUCb OAHIEID ManeHbKo BYKBOI CTpiaKot abo

pUCKoto Bropi da, b .

BeKTop, y AKOro No4aToK i KiHeLb cniBnagatoTb, HA3UBAETLCA HYs1b-8EKMOPOM i
nosHavatots 0: 0 = ﬂ, abo npocto 0.

[1Ba BEKTOPM HA3MBAKOTLCA KONIHEAPHUMM, AKLLO BOHU JiIeXKaTb Ha OAHIN NpAMIn,
abo Ha NapanenbHUX NPAMUX.

[0oBXMHOI (MoAaynem) BEKTOpPa Ha3MBAETbCA AOBXKMHA Bigpi3Ka, AKMN 306parKae

Ler BEKTOP i NO3HA4YaloTb ‘AB

, abo npocto AB. AHaNoOriYHO AOBXKUHY BEKTOPA a

no3HayaTb \c‘z

,ab0 a. AKuwo ‘c_z‘ =1, TO BEKTOp Ha3nBalOTb OANHUYHUM.

O3HayeHHA 2. [1Ba BEKTOPA HAa3MBaAKOTbCA PIBHUMMU, AKLLO BOHU KOJIIHEAPHI,
OAHAKOBO HANPAMNEHI i IXHI LOBXWHW PiBHI.

JlofaBaHHA BEKTOpIB.
O3HayeHHs 3. (MpaBKAO TPUKYTHMKA) AKLLO ABa BEKTOPA d | b PO3TalLOBaAHI TaK,
LLLO NOYATOK APYroro BeKTopa crniBnagac 3 KiHuem nepLioro To CyMo LUmx
BEKTOpPIB HAa3MBAETbLCA BEKTOP C , MOYATOK AKOro 36iraeTbCcsi 3 NOYAaTKOM BEKTOpPaA
a , a KiHeub BEKTOPA — 3 KiHLUEM BEKTOpa b.
(MpaBuno napanenorpama) AKLWO ABa BEKTOpPA 4 | b PO3TalOBaHI TakK, WO
no4YaTku 36iratoTbCs, TO CyMOIO LMX ABOX BEKTOPIB HA3MBAETLCA BEKTOP C , AKUM
306paKyloTb Y BUrNAAI AiaroHani napanenorpama, nobyaoBaHoro Ha 3agaHux

BEKTOpax, MPUYOMY, NOYaTOK BEKTOpa ¢ 36iraeTbca 3 NOYaTKOM BeKTopiB a i b .

MHOeHHA BEKTOpa Ha YMCno.

129



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

O3HayeHHA 4. Job6YyTKOM BEKTOpPa @ Ha YMCNO A HA3MBAETbCA BEKTOp b,

KONliHeapHWUI BeKTopy @, npu A >0 oAHAKOBO HanpAM/IEHUI 3 BEKTOPOM & , Npu

A <0 NpoTUNEKHO HaNpPAM/IEHUI 3 BEKTOPOM ¢ Ta ‘5‘ :W -‘c‘z‘.

BigHiMmaHHA BeKTOpIB
PisHMUeto BEKTOpIB @ | b HasuBaeTbcA BEKTOP C, AKUM JOPIBHIOE CyMi BEKTOPIB
ai-b:a-b=a+(-b).
CKanapHuit obYyTOK BEKTOpIB
O3HayeHHA. CKanspHUM 006YTKOM ABOX BEKTOpIB @ i b (no3Hayatots @ -b)
HA3UBAETbCA YNC/O, IKe AOPIBHIOE A0OYTKY AOBXKUH LMUX BEKTOPIB HAa KOCUHYC
KYTa MiXK HUMMU:

5-5:‘5‘-‘5‘-coscp.
BnactmsocTi ckansspHoro aobyTky:
-b=b-a.
Aa)-b=a-(2

1.

]|

Sal

2.

)=2-(@-b).

3.(@+b)c=a-c+b-c.

—

S

4. @-b =0 Togj i Tinbku Toai, Konn alb .
O3HayeHHA. CucTema BEKTOPIB a;, d, ..., d,, HA3UBAETLCA AIHILHO HE3UNEeHHOID,
AKLLO PIBHICTb

ka, +k,a, +...+k,a, =0 (2.6)
BMKOHYETbCA TOA | TibKKM TOAj, Koam k; =0, i=1,2, ..., n.
Y NpoTUNEKHOMY BUMAAKY LA CYKYMHICTb BEKTOPIB € /1iHIlIHO 30/1€#HOHK — PiBHICTb

ka, +k,a, +...+k,a, =0

BMKOHYETbLCA, AKLLO iCHYE Xx04a 6 ogHe uncno kj # 0. Y upomy BUNagKy MAaEMO:

k ki ki

— 1 — j-1 — +1 — n —
. —aj+1+...+k—an,

J J J J

TO6TO BEKTOP a; NiHINHO BMPAXKAETbCA Yepes iHLWi BEKTOPU CUCTEMMU.
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baszucom cuctemu BEKTOpiB 4, a,, ..., @, Ha3UBatOTb TaKy ii NigcMCTemy, BEKTOpU
AKOI NiHIMHO He3aneXHi, a byAb-AKMN BEKTOP CUCTEMMU NiHIMHO BUPAXKAETHCA
yepes BEKTOPU NiacMcTeMMN.
Byab-AKknin 6a3MCc MHOXMHM BEKTOPIB V,, WO KOMMNAaHapHI NAOLWMHI, MiCTUTb ABa
HeKoNliHeapHUX BEKTOPY, a byab-AKNI 6a3nc MHOMXKMHM BEKTOPIB NpocTopy V3
MICTUTb TP HEKOMMN/IAHAPHUX BEKTOPM.
Hexai e, e,, €5 — TP HEKOMMNNAHaPHUX BEKTOPY, AKi yTBOPIOIOTb 6asucy
npoctopi V5. Toai Ana [0BibHOTO BEKTOPa @ LibOro NPOCTOPY iCHYE €A4MHA TPiKa
uncen (4, A,, A3), Taka, Wwo

a=Me + e, + 1ze;.
Yucna A, A,, A; Ha3aMBalOTb KOOPAMHATaMM BekTopa a y 6asuci (¢, ¢,,e;) i
sanucyloTb Tak: @(Ag; Ar; A3).
Y BunagKy ¥, KOXHUI BEKTOP BUPAXKAETbCA Yepes ABa BeKTopu Hasucy i mae ABi
KOOpAUHATW.
Basunc Ha3nMBa€ETbLCA OPMOHOPMOBAHUM, AKLLO MOro 6a3ncHi BEKTOPKU NOMAPHO

nepneHANKYAAPHI Ta MaloTb OAMHUYHY A0BXUHY. B npocTopi V5 BOHM

NO3HAYaloTbCA TakK: I, J, k,a Ha naowmHi V, — 1, J.
Y KOOpAMHATHOMY BUTAALI 3pYYHO 3anNMCcaTU CRIBBIAHOWEHHA MiX BEKTOpamu Ta
onepauii Hag HUMMN.

Hexalt maemo ABa BeKTopa E(al,az,a3) i E(bl,bz,b3), 3a4aHMMM KOOPAUHATaMM B
OpTOHOPMOBaAHOMY Ha3uci. Toai AN HUX cNpPaBeaNUBI TaKi TBEPAKEHHA:

1. 1Ba BeKkTOpa E(al,az,a3) i E(bl,bz,b3) O/[IHaKOBi TOA) i TINbKKU TOAj, KON
O/[HaKOBI iXHi BiANOBIAHI KoOpAnHaTW: a; = b;, a, =b,, a; = b;.

2. [1Ba BeKTOpMU E(al,az,a3) i b(bl,bz,b3) KONiHeapHi ToAi i TINbKKW TOAj, KON iXHi

. . . VA a, a3
BIAMOBIAHI KOOPAWUHATU NPONOPLINHI, — =—=—.
b, by, b
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3. c_lig=5(al ibl, a2 ibz, a3 ib?))
5. C_Z°E=albl+a2b2 +a3b3
6. ‘c_l‘zq/a12+a§+a32,.

a * E albl + azbz + a3b3

@b a2+ a2+ a2 B+ b2+ b2

7. cosQ= , A€ (@ — KYT MiX BEKTOpamu.

Mpuknag,. Hexat X = (2,5,-3,0); 7 =(-4,2,3,—1). Togi
Xx+3=02+(-4),5+2,-3+3,0+(-1))=(-2,7,0,~1),
~2-x=(-2-2,-2-5,-2-(-3),-2-0)=(-4,-10,6,0).

Omke, X+ =(-2,7,0,—1), —2-x=(-4,-10,6,0).

O3HaueHHs. CKanapHUM Ao6yTKOM ABOX BeKTOpiB X = (x|, X5, ..., X, ) Ta

3=, V9, ... ¥, ) HA3UBAETBCA YMCNO

(X,7)= X0 + X,y +..X, (2.2)
abo
(x,7)=x|¥|cose, (2.3)

Ae a — KYyT MiXK BEeKTOpamn X T1a y;

f‘ Ta \y\ — MOAYAi BEKTOPIB, LLO

BM3HaA4YalOTbCA piBHOCTﬂMM

%) = (%) =57 + 3%+ 2 (2.4)

I3 03HaYeHHA CKaNsAPHOro A00YyTKY ABOX BEKTOPIB MOXKHa BUBECTU dopmyny, WO

BM3HAYAE KYT MiXX BEKTOPaMM:

cosa =

()?j): XV +XY,+ o+ X Y, (2.5)

<Iv 2 2 2 2 2 2
‘x J" \/x1 + x5 +...+ X, '\/Jﬁ +yy t..ty,
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Mpuknaa. 3HaUTU KYT MiXK BEKTOPaMU X = (2,5,—3,0); y= (— 4,2,3,—1).

(x,7)=2-(-4)+5-2+(-3)-3+0-(-1)=-8+10+(-9)+0=-7,
% =JEx) =22+ 52 +(=3) +0° =v4+25+9+0 =38,
‘7‘2\/(7»7)=\/(—4)2+22+32+(—1)2=«/16+4+9+1:«/@,

-7
cosa :—mm
O3HayeHHA. CyKynHICTb BEKTOPIB BEKTOPHOIO NPOCTOpY 4, a,, ..., 4, HAa3NBAETHCA
NiHIMHO He3aneXXHoH, AKLWO PIBHICTb
ka, +kya, +...+k,a, =0 (2.6)
BMKOHYETbLCA TOA i TiAbKKM TOAj, Koam k; =0, i=1,2, ..., n
Y NpoTUNEKHOMY BUMAAKY LA CYKYMHICTb BEKTOPIB € NiHIMHO 3aN1€KHOI — PIBHICTb
ka, +kya, +...+k,a, =0
BMKOHYETbCA, AKLLO iCHYE Xx04a 6 ogHe uncno kj # 0. Y upomy BUNagKy MAaEMO:
_ k,_

. . +—.aj+1+"'+zan'

J J J J
TO6TO BEKTOp c_zj NiIHIMHO BMPAXKaETbCA Yepes iHLLIi BEKTOPW.

CyKynHicTb n BeKTOpiIB {c?l, Ayy ey En} PO3MIPHOCTI 7, KOOPAUHATU AKUX €

a; :(ali,azi,...,am), i=1,2,...,n, NiHINHO He3aneXHa, AKWOo MmaTpumuA

all alz cee aln
A _ a21 a22 cee azn
Ay Ay .o Ay,

CKNnageHa i3 KoOOpANHAT LUMX BEKTOPIB HEBMPOAKEHA, Ta NiHINHO 3aN1€KHa, AKLLO

MmaTpmua A BUpOArKeHa
Mpuknaa. Hexalt maemo cykynHicTs Bektopis @, = (1, 3,1), @, =(2, 1, 1),
a; = (3, -1, 1). MepeBipnUTM Ha NiHINHY 3a1EXHICTb LLIO0 CYKYMHICTb BEKTOPIB.
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O64YMCNINMO BU3HAYHUK MATPMULLi, CKNAZEHOI i3 KOOPAMHAT BEKTOPIB

12 3
|4=3 1 -1=1-2+9-3+1-6=0.
11 1

OT)Ke, AaHa CYKYMHICTb BEKTOPIB € JIiIHIMHO 3a/1€XHOI0.
LLlo6 BCTaHOBUTU L0 3aN€XKHICTb 3anNULWLIEMO CUCTEMY OAHOPIAHMX PIBHAHD,
NOPOAXeHY piBHICTIO k\a; + k,a, +kya; =0:
ky +2ky +3k; =0,
3ky +ky—kz =0,
ky +ky + k3 =0.
HeobxiaHo 3HaTV xo4a 6 0ANH HEHYILOBUIN PO3B'A30K CUCTEMMU PiBHAHb, AKA MAE

6e3ni4 po3B'aA3KiB ‘A‘ =0. 1A 3Haxo4KeHHA PO3B'A3KY CKOPUCTAEMOCb METOAOM

layca. nAa uboro 3anmiwemo po3WwmnpeHy MaTpuLo CUcTemMu

1 2 3|0 I 2 310 I 2 30 I 2 30
31 -1j0(~{0 -5 -100{~|0 1 2/0|~|0 1 20].
I 1T 110 0 1 210 0 1 20 0 0 00

OCTaHHIN po3WKMPEHiIN MaTPULLI CUCTEMM BiANOBIAAE Taka CUCTEMA PiBHAHD:

ky +2k; =0,
0=0.

OTpUMann cUCTeMy ABOX PiBHAHb 3 TPbOMA HEBIAOMUMMU. Y LbOMY BMMNAAKY

HeBigoMa k; € He3aneXXHOo, MOXe NPUMMATU AO0BINIbHI YNCNOBI 3HaYeHHA. [Bi iHwWi
HeBigoMi k;, k, 3anexatb Bif HEBIAOMOI k; Ta BU3HAYaIOTbCA Yepes Hei PIBHOCTAMM

ky,=-2ky, k =k;. Axwo B3aTM k,=1, 70 k =1k, =-2, TO oAepumo TaKy

3a/1€XKHICTb MiXX BEKTOpPaMMU:

a,—2a,+a,=0,a6o a, =2a, —a,.
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Mpuknaa. Hexait maemo cyKkynHicTb BekTopis @ =(3,1,1), @, =(1, 1, 1),
a; = (1, -1, 1), b =(4, 2, 2). MokasaTtu, Wo Tpu BEKTOPU q;, a,, a; YTBOPIOKOTb
6a3nc TPMBMMIPHOTO BEKTOPHOTO MPOCTOpPY. PO3KAAcTV BeKTOp b 3a LM

6asmncom.

Po3g'a30K. Tpy BeKTOpU @y, a,, a; — TPUBUMIpPHI. AKLLO BOHM NiHIMHO HE3aNEXHIi,

TO YTBOPIOOTb 6a3nNC TPMBMMIPHOIO BEKTOPHOro npoctopy. Obuncammo

BM3HAYHUK MATPULL, eleMeHTaMM AKOI € KOOPAMHATU AaHUX BEKTOPIB —

31 1
I 1 -1|=3-1+1-1+3-1=4+0.
I 1 1

OTKe, TPM BEKTOPU a;, @,, 3 — NiHIMHO HE3aNeXHi i Tomy yTBOPIOOTL basuc

TPUBMMIPHOIrO BEKTOPHOIO NpocTopy. Mo umMm BeKTopam MOXKHa O4HO3HAYHO
pO3KNacTU ByAb-AKNii iHWNI BekTop — b = kya + k,a, + k3@, 3anucaswum no

KOKHi KOOPAWHATI L0 BEKTOPHY PIBHICTb ANA KOedilieHTIB po3Kiaay

OTPUMAEMO CUCTEMY PIBHAHD:
kl + k2 _k3 - 2,
kl + k2 + k3 = 2
3Hanaemo po3B'A30K L€l cMcTeMmM pPiBHAHb 3aCTOCOBYOUN popmynm Kpamepa.

[Ona uboro 064MCIMMO BU3HAYHUK MATPULL CUCTEMM Ta TPU AOMNOMINKHUX

BM3HAYHWKa (guB. )-—

31 1 41 1 3.4 1 31 4
A=Al=]l 1 -1=4,A =2 1 -ll=4,A,=|l 2 -1=4A;=]l 1 2/=0.
11 1 2 1 1 12 1 112
A4 A, 4 A -
Omke, kj=—Lt=—=1Lk,=—2=—=1, k3=—3=9=0. Po3knag, Bektopa b
A 4 A 4 A 4

no 6asucy a,, a,, a; Takun —
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b =C_11+C_12.

besnocepeaHA nepesipKa NiATBEPANKYE NPABUABHICTb TaKOi PiBHOCTI.

6 IIMTAHHA 11O TEMI ,,BEKTOPHA AJII'EBPA”

1. O3HaueHHs, TE€OMETpUYHE 300pakeHHsS Ta I[IO3HAYeHHs BekTopa. Moaynb
BEKTOpA.

2. HynboBi, OMHUYHI, PiIBHI, KOJIHEAPH1, KOMIUIaHAPH1, TPOTUIICKHI BEKTOPH.

W

JliniliHi omeparnii HaJ BEKTOpaMu: CyMa Ta PI3HHUIS JIBOX BEKTOpPIB (MpaBuia
TPUKYTHHKA Ta Mapajenorpama), 100yToK BEKTOpa Ha YHCIIO.
. O3HaueHHs MPOEKIlii BEKTOpa Ha BiCh.

. IIpsamoxyTHa JlexapToBi cucTemMa KOOpPAUHAT Ha IJIONIMHI Ta Y MPOCTOPI.

4

5

6. KoopauHatu BekTOpa.

7. Poskian BekTopa mo optam (6a3ucy) NpsIMOKYTHOI CUCTEMU KOOPAUHAT.

8. 3HaxoKEeHHs anreOpaiyHoi CyMU BEKTOPIB, 3aJaHUX Y KOOPAUHATHIN GopMi.

9. IIpaBWJIO MHOKEHHSI BEKTOPA Ha YUCIIO, AKAW 3aJIaHUI CBOIMU KOOpPJMHATAMM.

10.O0uucneHHst MOAyJsl BEKTOPA, SIKUM 3aJJaHUi CBOIMU KOOPAMHATAMH.

11.0O3HaueHHs CKaJsIpHOTO JOOYTKY IBOX BEKTOPiB, HOr0 (PI3MUHMI 3MICT.

12.BnacTuBOCTI CKaJIsipHOTO JOOYTKY IBOX BEKTOPIB.

13.3Haxo/KeHHST CKalsipHOTO JOOYTKY JABOX BEKTOPIB, 3aJlaHUX y KOOPAWHATHIM
dbopmi.

14.YMoBa OpTOroHaIbHOCT1 BEKTOPIB.

15.03HaueHHsI BEKTOPHOTO IOOYTKY BEKTOPIB.

16.IToHaTTS IpaBOi TPIAKKU BEKTOPIB.

17.BnacTuBOCTI BEKTOPHOTO JOOYTKY BEKTOPIB.

18.YMoBa koIiHEapHOCTI ABOX BEKTOPIB.

19.3HaxomxeHHsI BEKTOPHOTO TO00YTKY BEKTOPIB, 10 3aJlaHl y KOOpAUHATHINA (opMi.
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20.006uuncrieHHs UMl TPUKYTHUKA 1 mapaliesiorpama 3a JIOMOMOTOI BEKTOPHOIO
T00yTKY.

21.TToHATTS MilaHOTo JOOYTKY BEKTOpiB. HOro reoMeTpuuHmii 3MicT.

22.BracTUBOCTI MIIIAHOTO JOOYTKY BEKTOPIB.

23.YMoBa KOMIUTAHAPHOCTI TPhOX BEKTOPIB.
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7 MareMAaTHYHHUHT aAHAJI3

7.1 Beryn g0 aHaJizy

MaTteMaTHuHUI aHaII3 SABJIsE COOOI0 YaCTUHY MaTeMaTHKHU, B AKIH QyHKUIIT 1 iX
y3araJlbHEHHs] BUBYAIOThCSI METOJAaMU T'paHullb. [IOHATTS rpaHuLl TICHO MOB'SI3aHE 3
MNOHATTSM HECKIHYEHHO MaJjoi BEJIMYMHHM, TOMY MOKHa TaKOX CKa3aTu, WIO
MaTeMaTUYHUM aHali3 BUBYae (YHKLII Ta iX y3arajJbHEHHS METOJOM HECKIHYEHHO
MaJux.

"MaremaTH4YHUI aHali3" € CKOPOYEHOI0 HAa3BOIO CTapoi Ha3BM I[1€i YACTUHU
MaTeMaTuku — "AHani3 HECKIHYEHHO Maiuux". Y KIAaCHYHOMY MaTE€MaTUYHOMY
aHamizi o0'ektaMu BHBYEHHs (aHanizy) € mepm 3a Bce (Qyskuii. Po3BuUTOK
MaTeMaTUYHOTO aHaji3y MPUBIB 10 MOXJIMBOCTI BUBUEHHS HOTO METOJaMH OUIBII
CKJIaJIHUX YTBOPEHbB, HIkK (DyHKIIs, (DYHKI[IOHATIB, ONIEPATOPIB 1 T. .

VY npuposi Ta TEXHIUl 3yCTPIUaOThCA 3MIHHM, PYXH, SIKI € MEPIIOI 03HAKOIO
TOro, 10 MU HA3MBAEMO SBUIIEM, MIPOLIECOM. 3aKOHU SIBUILl MPUPOIU 3a3BUYAN
ONUCYIOThCs (PYHKIIAMU. 3B1JICU 00'€KTUBHA BAXKJIMBICTh MATEMAaTUYHOIO aHAJI3Y SIK
3aco0y BUBUYECHHS (DYHKITIH .

MaremaTu4uHU aHali3 y IIKPOKOMY PO3YMIHHI IbOTO TEPMIHA OXOIUTIOE TYyXKeE
BEJIMKY YacTUHY MaTeMaTuku. [0 HbOro BXOJATH OU(EpeHIlaibHE YMCIICHHS,
IHTErpaJIbHE YHWCICHHS, Teopis GYHKIIA AIMCHOI 3MIHHOI, Teopis (QyHKIIH
KOMILUIEKCHOT 3MIHHOI, HaOJMMKEeHHS (PyHKIIM, Teopis AudepeHliabHUX PIBHSHB,
TEOpisl IHTErpalibHUX PIBHSIHB, AUdEpeHlliaibHa TeOMETpis, BapialliiHe 4HUCICHHS,
(GyHKI[IOHATBHUN aHaNI3 1 ASK1 1HII1 MaTeMaTUYH1 HAYKHU.

Yce ok TepMiH ''mMaTeMaTHYHUN aHami3" YacTO 3aCTOCOBYETHCS ISt
HallMEHyBaHHS JIMIIIE OCHOB MaTEeMaTUYHOTO aHaJi3y, K1 00'€ THYIOTh Y C001 TEOPito
JTIACHOTO 4MCIIa, TEOPil0 TPaHUIlb, TEOPilO0 PsAIB, AUQEpeHlliaibHe W IHTErpajibHe
yucleHHs 1 iX Oe3mocepedHi 3acTOCyBaHHS, Taki, SK TeOpisi MaKCUMyMIB Ta
MIHIMYMIB, T€Opisi HessBHUX (QyHKIIH, psaau Dyp'e, inTerpanu Oyp'e.

7.2 EjeMeHTH Teopii MHOKUH
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IousatTs MHOXKUHU. [IOHATTS MHOXKHUHH € TEPBICHUM MOHSTTAM, TOOTO
TaKUM, SIKOMY HE€ JA€ThCSl O3HAYeHHSA. MoO)XHa TOBOPUTH IPO MHOXUHY N yCiX
HaTypaJbHUX 4YHUCEJ, MHOXHMHY 7  yciX ULUIMX 4YHUCEJ, MHOXHUHY @ ycix
paiioHanbHUX yucen 1 T. 1. TBopeusb Teopii MHOxkuH ['eopr Kantop (1845-1919)
pPO3yMIB MHOXHUHY SIK 310paHHsSI MEBHUX Ta PI3HUX OO0'€KTIB HAIIOI IHTYIlil abo
IHTEJEKTY, K1 CHPUIMAIOThCS B SIKOCTI LILJIOTO.

MHOXUHA BBaXa€ThCSd BU3HAYEHOIO, SAKIIO NPO OyAb-skuil 00'€KT, IO
PO3TIIAIA€ThCSA, MOKHA CKa3aTH, 1[0 BiH HAJIECKUTh a00 HE HAJICKHUTH M1 MHOXKHHI.
ko nesxkuii eneMeHT X HaJIeKUTbh MHOXKHHI A, TO TUIIYTh X € A. SKII0 e1eMeHT
X He HAJIe)KUTh MHOKHUH1 A, TO 1€ 3alUCYIOTh TaK: X & A.

Hexaii X— neska ¢ikcoBaHa MHOXHMHA (1HOJ1 ii Ha3WBAaIOTh OCHOBHOWO) 1 P-—
MeBHA BJIACTUBICTD, Ky MalOTh JIesKl eeMeHT X € X . MHOXUHA BCiX €JIEMEHTIB X
, IIT0 HaJIeX)KaTh MHOKHMHI X 1 MAarOTh BJIACTUBICTL P, I03HAYA€THhCSI TAKHMM YHMHOM:

{xeX|P(x)} a6o {XEXIP(X)}.

Hampukinan, skio B 3HaUY€HHI OCHOBHOI MHOXHWHHU B3SITU MHOXHUHY Z, TO

MHOX>KHHAa {x € Z‘x > O} € MHO>KMHOIO HAaTypaJIbHUX YUCCJIL.

SIKImo MHOXKHMHA Ma€ CKIHYEHHE YHCJIO €JIEeMEHTIB, TO Ii MOXKHA 3aJaTu

TepeIIiKoOM i1 €JIeMeHTIB, TOOTO 3anucatu A4 = {a,b,c,...,k} .

MHoXuHa, SKa HE MICTHTh >KOAHOTO €IEMEHTAa, HA3UBAETHCS IMOPOKHBOIO 1
MMO3HAYAETHCS 3HAKOM .

Jii Hag MmHoKHHAMH. MHOXHWHA A Ha3UBAETHCS HNIIMHOXKHHOIO MHOXKHUHU B,
SIKIO KOKHHUU €JIeMEHT MHOXHUHH A € e€IeMEeHTOM MHOXKMHH B, TOOTO SKIIO

Vxe A= xe B. SIxmo MHOXMHA A € MIIMHOXWHOK MHOXHHHM B, TO mumyTh
Ac B abo B> A.

Jiist Oyb-SIKOT MHOXKUHH A TIpHAMAaEThCs, o & C 4.

Muoxunu A ta B HazuBawThes piBHUMH, KO AC B 1 B D A. PiBHICTB
MHOKHMH NTO3HA4Ya€eThCs Tak: A=B.
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O0'ennannsaMm (cymorw0) MHOXMH A Ta B Ha3uBaetbcsi MHOkHMHA C, sKa
CKJIaIa€ThCS 3 €JIEMEHTIB, KOXKEH 13 SIKUX HAJIC)KUTh MHOKHUHI A a0o MHOXUHI B.
O0'eqHanHs MHOXKHUH no3HadaeThess Tak: C=AUB.

[lepepizom (moOyTkoM) MHOXHMH A 1 B Ha3uBaerbcss MHOxuHa C, sika
CKJIaJIa€ThCA 3 SJIEMEHTIB, KOKEH 13 IKUX HAJCXKUTh SIK MHOKHHI A, TakK 1 MHOXXHWHI
B . 3anucyetsesa: C=ANB.

Pi3nuniero MHOXUH A 1 B Ha3uBaerhcs MHOKUHA C, sIKa CKIIAJIA€THCS 3 YCIX
THX €JIEMEHTIB MHOXXHHU A, AKI HEe HajleKaTb MHOXHHI B. PI3HUIYI MHOXXHUH
no3HauaecTecsa Tak: C=A4\B.

Hexait X — ocnoBHa MHOXuHa 1 AcC X . JIONOBHEHHSIM I0 MHOXUHH A

Ha3uBaeThbca MHOKHMHA A= X | A.

IIpaBuna aBoicrocti. s Oynb-skux MHOXMH A 1 B MawoTh Micie
CHIBBIHOIIEHHS :

l.AuB:ZmE;
2. AnNB=AUB.

JloBenemo mepiie i3 CIiBBIIHOIICHb.

xeAUB ©x¢gAUVUB&S xeg A ix¢B<:>er ixeBexeANnB.

OTxe, xeAuB@ermE,To&o AUB=ANB.

AHAaJIOTIYHO TOBOJMUTHCS APYTe CIIBBIHOIIECHHS.
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YacTkoBO BOpsiiKoBaHiI MHOkuHM. Hexait M — noBiIbHA MHOXHHA 1 @ —

neske OlHapHE BITHOIIGHHS B HIiM. lle BIJHOIIGHHS HA3WMBAETHCS YACTKOBOIO
BIIOPSIIKOBAHICTIO, SIKIIIO BOHO 33/I0BOJIBHSIE YMOBH:

1) pednekcuBHOCTI: apa;
2) TPaH3UTUBHOCTI: SIKIIO apb 1 bpc , TO apc;
3) aHTUCUMETPHUYHOCTI: KO apb 1 bpa,To a=>b.

YacTkoBa BIOPSIKOBAHICTh MOXE MO3HAYaTUCA CUMBOJIOM <. MHOXWHa, B
AKIA  3aJaH0  JIeSIKYy YacTKOBY  BIOPSIKOBAHICTh, HA3UBAETHCS  YACTKOBO
BIIOPSIIKOBAHOO. 3amuc @ <b 03Hadae, Mo eIEeMEHT a He mnepeBuirye b abo 1o
BiH miAnopsakoBaHuii b, nepenye b, a b — He MeHuIe B a e 3a a.

VY Bumanky, komm a<b Ta a#b, KOPHUCTYIOTBCS CHMBOJIOM < , TOOTO
MUITYTh a <b 1TOBOPATH, MO @ MEHIIe Bix b abo mo a CcTporo MiAmopsIKOBaHE
b.

YacTKkoBO BMOPSIKOBAHA MHOXHWHA, JJIA OyAb-SIKUX IBOX TOYOK &, b sKoi
iCHye Touka c, mo #ae 3a HUMH (a < ¢, b < ¢), Ha3UBAETHCS HAPSIMIICHOIO.

Mpuxaanu.

1. MHOXWMHA BCIX HaTypaJIbHUX YHCET YaCTKOBO BIOPSIKOBAHA, KO a <bh
o3Hauae ,,b miuthes Ha a 0e3 ocTaul’”.

2. MHOXMWHaA BCIX MIAMHOXHH JAesSKOi (IKCOBAaHOI MHOXKHHHM YaCTKOBO
BIIOPSIKOBAHA 3a BKIFOYEHHAM, Ko M, <M, o3Haudae, mo M, M,.

3. YHopsakoBaHOIo mapoo (@, b) € MHOKHHA {{a},{a,b}}.

Hexait a, b — emeMeHTH 4YacTKOBO BIOPSAKOBAaHOI MHOXHUHU. Moxe
BUSIBUTHCS, IO JKOJHE 13 CIIBBIgHOMIEHh a<b 1 b<a He Mae Micid. Y IIbOMY
BUMAJKy €JIEeMEHTU a, b Ha3uBalThCAd HEMOPIBHIHHUMHU. TOOTO BiIHOIIEHHS
MOPSIAKY MOK€ OyTH BHU3HAUEHUM JIMIIE s JACSKUX Map €JIEeMEHTIB, ToOMy i
TOBOPUTHCS MIPO YACTKOBY BHOPSJIKOBAHICTh. SIKIIO K B YaCTKOBO BHOPSJIKOBaHIM
MHOXUHI M HENOPIBHSHUX €JIEMEHTIB HEMa€, TO MHOXXKMHAa M  Ha3UBAETHCS
BIOPSIKOBAHOIO ( JITHIMHHO BIOPSKOBAHOIO, HITIKOM YIIOPSIKOBAHOIO ).
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JlexkapToBUM JNOOYTKOM MHOXHUH M, XM, x..x M 6 Ha3uBa€TbCS MHOXKUHA

BIIOPAAKOBAHUX 71 -OK:

{(ml,mz,...,mn)|m1 eM ,m,eM,,...m eMn}.

3acTocoByeThCs MO3HAUCHHS A" = AX AX...x A.
%,—/

n pas

8 3ABJAHHA 10 MOAYJBbHOI'O KOHTPOJIIO

Bapianr 1

1. Cnpoctutn Bupa3 anredpu MHOKUH (AN E) UAUBNA.

2. 3HAHTH pe3yabTaT BUKOHAHHSA Jiif (PUQ)\(PNQ), ne P={a,b,c,d}, O ={a,e},
U={a,b,c,d,e, [}.

3. 3agaTtu OiHapHeE BijHOIIEHHS R Ha MHOkHUHAaX A 1 B MmaTpuyHuM, TabauyHUM

Ta rpadi9HUM criocodamu, SKIO 4 ={2,4,6,8,10,12,14,16}, B={1,3,5,7,9,11},
R={(a,b)\ac A,beB,a +b*<0}.

Bapianr 2

1.  Chpoctuty BUpa3 anredpyu MHOKUH (AU B)N(ANB)U(ANB).
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3HaWTH pe3yiabTaT BUKOHAHHS JTiii (l_)\Q)\@\P) ,1e P={a,b,c,d}, Q={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOkHMHAaX A 1 B MaTpuyHuM, TabIuyHUM
Ta rpadiyHUM criocoOaMH, SKIIO R = {[a,b) \a € A,b € B,a—3Hapsaaas npartii b} ,A=

{ckanbnenarb, MOJIOTOK, CKPUIIKA, TOJIKA, J1HINAKA, BIHUK, HOXUII, pyOaHok}, B
= {My3HKaHT, TECJs, XIpypr, IBa4YKa, CaJ[IBHUK, TBIPHUK }.

Bapianr 3

CIpOCTHTH BHpa3 ainre6pn MHOKHH AUBUANAUB.

3HaiiTy pe3ynbTaT BUKOHAHHS Aill (PUQ)UR, ne P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, [}.

3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOXUHAaX A 1 B MaTpuyHuM, TaOIuyHUM
Ta rpa(I4HUM CI0CO0aMM, AKIIO R = {[a,b)\a € A,b € B,a — ninbuux b}, 1€
A4=1{2,3,4,5,6,7,8}, B=1{3,4,10,16,18,42,49}

Bapiaur 4

Crpoctuty BUpa3 anreOpu MHOXKHMH AUBUAU(ANB).

3HalTH pe3yabTaT BUKOHAHHS il (P\Q) u(@\?), ne P={a,b,c,d}, O=1{a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.
3agaTtu OiHapHE BifHOUIEHHS R Ha MHOkHMHaX A 1 B MatpuyHuM, TabauyHuM
Ta rpa(I4HUM CIOCO0aMMU, AKIIO R ={(a,b)\aec A,be B,0<a-b<5}, 1€

A=1{2,4,6,7,8,10,11}, B={1,2,3,4,5,6}

BapianTt 5

CrpocTuTy BUpa3 anre0py MHOKHUH (Z A E) U(BUA)UA.

3HaliTH pe3ynbTaT BUKOHAHHA Aiil (P+Q)U(R+P), ne P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3agaTtu OiHapHeE BifHOIIEHHS R Ha MHOXHMHAaX A 1 B MaTpuyHuM, TabauyHuM
Ta rpa(I4HUM COCO0aMH, AKIIO R = {(a,b)\a € A,b € B,a—asrop b}, 1€

A={IlleBuenko, Ilymkin, JI. Ykpainka, Toncroii}, B={«Anna Kapeninay,
«Epren OHeriny, «Cony, «BiitHa 1 Mmup», «l'aiigamakm» }.

BapianT 6

CnpocTtuty BUpa3 aaredpu MHOKUH (Z mﬁ) U(Z N B) U(Z mﬁ) :

3HalTH pe3yabTaT BUKOHAHHS JTiii (Pmﬁ) u(Q mﬁ) , 1e P={a,b,c,d}, Q={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.
3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOkUHAaX A 1 B MatpuyHuM, TabIuyHuUM

Ta rpadiyHUM CIOCOOaMH, SIKIIIO
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R= {(a,b)\a eAdbe B,(a2 —b) nimmThes Ha 2 0e3 3anmu1<y} , 4={1,3,5,7,8,9},
B={2,4,6,8,10}.

Cxutactu Tabnuiio icTUHHOCT1 OyneBoi pyHKuIi f = (x1 (—Bx_z) v(xvx).

Bapiant 7

CrpocTuTH BUpas anrebpu MHOKUH AU BU (E A A) UA.
3HalTH pe3yiabTaT BUKOHAHHS i (U\R) m(U\Q) ,1e P={a,b,c,d}, Q={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.
3agaTtu O6iHapHE BifHOIIEHHA R Ha MHOkHMHAaX A 1 B MmaTpuyHuM, TabIuyHUM
Ta rpa(I9HUM CIOCO0aMMU, AKIIO R ={(a,b)\a € 4,b € B,a—cromus b}, A={Kwuis,

Jlonmon, bepnin, Mocksa, [Tapmwx, Pum}, B={Itamis, Ykpaina, Himeuunna,
Opanmis, Pocis, Aarmis, Icnanis}.

BapianT 8

CIpoCcTHTH BUpA3 anreOpu MHOKUH AU BUANBU(AUB).

3HalTH pe3yiabTaT BUKOHAHHS i (U mR)u(5+Q) , 1e P={a,b,c,d}, O={a,e},

R={a,bd,e [}, U={a,b,c,d,e, [}.
3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkHMHAaX A 1 B MaTpuyHuM, TaOIuyHUM
Ta rpadiyHUM criocobamMu, SKIIO R = {(a,b)\a cA,beBa> \/E} ,

A=1{14,6,16,10,12,4,8}, B=1{5,7,9,17,13,11,15} .

BapianT 9

CripocTuTd BUpas anreOpu MHOXHH (AU B) (Z uﬁ) U (A ) E) :
3HalTH pe3yiabTaT BUKOHAHHS i (Qu(§+§))\P , 1e P={a,b,c,d}, Q={a,e},

R={a,bd,e [}, U={a,b,c,d,e, [}.
3agaTtu OiHapHE BifHOIIEHHS R Ha MHOXkHMHAaX A 1 B MatpuyHuM, TabIuyHuM
Ta rpadI4HUM CI0CO0aMH, AKIIO R = {(a,b)\a € A,b € B,cosa < cosb},

T 7 axx 2 4 T TR T
A: T T Ty Ty s T, B= I I R AT R )
24°12 6 3 3 '3 2 4 816 32

BapianT 10

Cnpoctuty BUpa3 aaredpu MHOKUH (A N B) UBNAUB.

3HaiTH pe3yabTaT BUKOHAHHS il ((P\R)\Q)mR , e P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.
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3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkUHaX A 1 B MmaTpuyHuM, TaOIuyHUM
Ta rpadiyHUM criocobamMu, SKIIO R = {(a,b)\a e AbeB,e < e”} ,

4=1{1,3,5,7,9,11,13}, B={8,10,6,2,4,12} .

Ckitactu TaOJIMLIO ICTUHHOCTI OyJieBoOi PyHKIIT f = (x1 — xz)v (x2 — x3).

Bapianr 11

CnpoctuTti BUpa3 anreOpu MHOXHH (AU B)N (A U E) u4.

3HalTH pe3yiabTaT BUKOHAHHS JTiii (P+Q)+(R +7’) , 0e P={a,b,c,d}, Q={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOXkHMHAaX A 1 B MatpuyHuM, TabauyHuM
Ta rpadiyHUM criocobaMH, SKIIO R = {(a,b) \a e A,b € B,a—micsp opu poKy b} R
A={uepBeHb, TpaBEHb, JIOTHI, CEPIECHB, )KOBTEHb, CIYE€Hb, KBITCHB, TPYACHb},
B={3uma, BecHa, J1iTO, OCIHB }.

Bapianr 12

CnpocTtuty BUpa3 anreOpu MHOKUH A UBNAUBNBUA.

3HalTH pe3yiabTaT BUKOHAHHS JTiii (P+ Q) +R,ne P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, [}.

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOXkHMHAaX A 1 B MatpuyHuM, TabauyHuM
Ta rpa(I4HUM COCO0aMHU, AKIIO R = {(a,b)\a e 4,b e B,0<3a—2b <18},
A4=1{2,4,6,8,10,11,12}, B={1,3,5,7,9,11}.

BapianT 13

Crpoctuty BUpa3 anreOpu MHOXKHH ANBUAUBUANB.

3HalTH Pe3yabTaT BUKOHAHHS il ((P\Q)\R)U(U mﬁ) , e P={a,b,c,d},
O={a,e}, R={a,b,d,e,f}, U={a,b,c,d,e, f}.

3agaTtu OiHapHe BifHOIIEHHS R Ha MHOkHUHAX A 1 B MaTpuyHuM, TaOIuyHUM
Ta rpad@I4HUM c0CcO0aMHu, AKIIO R ={(a,b)\a e A,be B,Ina >Inb},

A4=1{2,4,6,8,10,3,7}, B={1,3,5,9,11,13}.

Bapianr 14

CnpocTtuty BUpa3 anredpu MHOKUH B u(A mB) UBUANA.
3HalTH pe3yabTaT BUKOHAHHS JTiii (?m@)m(R +Q), ne P={a,b,c,d}, Q={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.
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3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkUHaX A 1 B MmaTpuyHuM, TaOIuyHUM
Ta rpadI4HUM COCO0aMHU, AKIIO R ={(a,b)\a € 4,b € B,sina > cosb},

BapianT 15

CrpocTuTH BUpas anrebpu MHOKUH A UAUBUBUANB .

3HalTH pe3yiabTaT BUKOHAHHS i (P+§)m(R +P) , 1e P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOXkHMHAaX A 1 B MatpuyHuM, TabIuyHUM
Ta rpadI4HUM COCO0aMH, AKIIO R ={(a,b)\a € 4,b € B,sina < cosb},

A: O,E,E,E,E,E,ﬂ ,B: Eﬂ,éﬂ,éﬂ,z .
8647572 384"

Ckitactu TaOJIMIIIO ICTUHHOCTI OysieBoi PyHKIIT f = ((x1 \x, )4 x_z) .

BapianT 16

Cnpoctutu BUpa3 anredpu MHOKUH BUAUBNANB.

3HalTH pe3yiabTaT BUKOHAHHS JTiii (1=3m Qj V) (P\R) ,1e P={a,b,c,d}, Q={a,e},

R={a,bd,e [}, U={a,b,c,d,e, [}.
3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkHMHAaX A 1 B MatpuyHuM, TabauyHUM
Ta rpadiyHUM criocobaMH, SKIIO R = {(a,b) \a € A,b € B,a — cBITO IOpU POKY b} R

A={IBana Kynana, Hosuii pik, Jlens nepemoru, Pi3nBo, Jlenr Hezanexxnocri
VYkpainu}, B={3uma, BecHa, J1iTO, OCiHb}.

BapianT 17

CIIpocTHTH BUpAa3 anreOpyu MHOKHH (Z 2 E) NBUAUBUA.
3HalTH pe3yabTaT BUKOHAHHS JTiii (R uﬁ)m((R\P)\é) , e P={a,b,c,d},

Q={a,e}, R={a,b,d,e,f}, U={a,b,c.d,e f}.
3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOkHUHAaX A 1 B MmaTpuyHuM, TabIuyHuUM
Ta rpaI4HUM CI0CO0aMM, AKINO R ={(a,b)\ae A,be B,a/2>b/2},

A=13,6,7,9,11,20,24} , B=1{4,6,12,8,10,18,2} .

BapianT 18

CIIPOCTHTH BHpa3 areGpu MHOKHH B U A BU (A NBU Z) :

3HalTH pe3yiabTaT BUKOHAHHS i (P\E)+(?’\Q), ne P={ab,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.
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3. 3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkUHaX A 1 B MmaTpuyHuM, TaOIuyHUM
Ta rpadiyHUM criocobaMH, SKIIO R = {(a,b) \a € A,b € B,a—BnacHa Ha3Ba b} R
A={Bomnra, baiikan, JIainpo, EBepect, Azisa, Adpuka, Jlonensk, Apapar,
JIeBiB}, B={03epo, piuka, MICTO, TOpa, KOHTUHEHT}.

4. CxnacTu TaOJIHII0 ICTUHHOCT1 OysieBoi PyHKIIT f = (x_1 — x_z)\(xl AXy).
BapianT 19
1.  Cnopocrury BEpa3 anreOpu MHOKUH ANBUBNAUBNA.

2. 3HalTH pe3yabTaT BUKOHAHHS TN (Pmﬁ)u(Q\U) , ne P={a,b,c,d}, O={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3. 3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkHUHAaX A 1 B MaTpuyHuM, TaOIuyHUM
Ta rpadiyHUM criocoOaMH, SKIIO R = {(a,b) \a € A,b € B,a —xoip KBITKH b} R
A={>)koBTHUM, OLTMI, YEPBOHUM, CUHIH, 3€TICHHH, pokeBUii |, B={TposHna,
KOHBAJIis, BOJIOIIIKA, POMAIIIKa, TIOJIbIIaH, MIMO3a}.

BapianT 20

1. CnpocTtutu BUpa3 aaredpu MHOKUH (A U E) ANAUAUBUA.
2. 3HalTH pe3yiabTaT BUKOHAHHS i (U\Q) m(U +R)uP , ne P={a,b,c,d},

O={a,e}, R={a,b,d,e, f}, U=1{a,b,c,d,e, f}.

3. 3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOkHUHAaX A 1 B MatpuyHuM, TabauyHUM
Ta rpadiyHUM cI0OCOOaMH, SIKIIIO
R= {(a,b) \a € A,b € B,a —piuka, sika MpoTiKae Ha MPOCTOPi b} , A={Boura, /{ninpo,

Hon, Tem3a, Pona, Ama3zonka, CeHa, Jlena}, B={Ykpaina, Aurmis, Pocis,
Opaniris, bpazumnis}.

Bapianr 21

l. CnpocTtuty Bupa3 anreOpu MHOKUH 4N (E U A) N (Z U B) UB.
2. 3HaliTH pe3yNbTaT BUKOHAHHS il ((R —Q) +F) UR, ne P={ab,c,d}, O={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, [}.
3. 3agaTtu OiHapHE BifHOIIEHHS R Ha MHOHMHAaX A 1 B MatpuyHuM, TabauyHuM
Ta rpadiyHUM criocobamMu, SKIIO R = {(a,b)\a €eAbeB,a+b< 2} ,

4={2,6,4,9,3,1}, B={3,5,7,12,4,2}.

Bapianr 22

1.  Cnopocrury BEpa3 anreOpu MHOKUH AUBNAUBNB.
2. 3HalTH pe3yiabTaT BUKOHAHHS JTiii (Pu (R \ Q))+U , 1e P={a,b,c,d}, O={a,e},

R={a,b,d,e, [}, U={a,b,c,d,e, f}.
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BapianT 23

Bapianr 24

Bapianr 25

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOkUHaX A 1 B MmaTpuyHuM, TaOIuyHUM
Ta rpaI4HUM CI0CO0aMMU, AKIIO R = {(a,b)\a € 4,b € B,b— nutuna a} , A={1ix,
0aba, 6aTbKO, MaTH }, B={0HYyK, OHYKa, CUH, JJOUKa}.

Cxnactu TabauIio icTHHHOCTI OyneBoi GyHkuii f =(x, ®x,) - (x1 /\x_3) :
Cnpoctutu Bupa3 aaredpu MHOKUH BNAUBNAUBANB.

3HalTH pe3yiabTaT BUKOHAHHS i ((R +Q) \f’) NR,ne P={ab,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, [}.

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOHMHAaX A 1 B MatpuyHuM, TabIuyHUM
Ta rpadiyHUM criocoOaMH, SKIIO R = {(a,b) \a € A,b € B,a mae koip b} R
A={cnuBa, s0;1yKO, rpyiia, TMMOH }, B={>koBTui, 3eenuii, 4epBOHUI, CUHIH,
Olnmit}.

Cxracty TabIMII0 ICTHHHOCTI OyneBoi Gynkuii [ =(x, /\xz)@(x3 \/Z) .
Cnpoctuty BUpa3 anreOpu MHOXKHH (BU A)N AU (A N E) UB.

3HaiiTi pe3ynbTaT BUKOHAHHA Aiil (P\Q)\(ONR), ne P={a,b,c,d}, Q={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, [}.

3agaTtu O6iHapHE BifHOIIEHHS R Ha MHOkHUHAaX A 1 B MaTpuyHuM, TabIuyHUM
Ta rpadI4HUM COCO0aMHU, AKIIO R ={(a,b)\a € A,be B,a eixa b}, A={Kxamycra,
puba, OapanuHa, cMp, CBUHMHA, MOpPKBa}, B={BOBK, KiT, MHIIIa, 3a€Ilb, KO3a}.
CnpocTtutu Bupa3 aareOpu MHOKUH (A N B) UANBUA.

3HalTH pe3yiabTaT BUKOHAHHS i (P U Q)\(R mf’) , 1e P={a,b,c,d}, O={a,e},
R={a,b,d,e, [}, U={a,b,c,d,e, f}.

3agaTtu OiHapHE BifHOIIEHHS R Ha MHOXkHMHAaX A 1 B MatpuyHuM, TabIuyHuM
Ta rpadiuHUM CIIoco0aMH, SIKIIO R = {(a,b)\a eAbeB,a’ > b3} ,
4=1{2,3,6,7,9,1,20}, B ={4,6,12,8,10,18,2} .

BapianT 26
1.

CnpocTtuty BUpa3 aaredpu MHOKUH (A mﬁ) U(Z mﬁ) U(Z uB) .
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2. 3HalTH pe3yiabTaT BUKOHAHHS JTii ((E\P) u(E\Q))\P , e P={a,b,c,d},

O={a,e}, R={a,b,d,e,f}, U=1{a,b,c,d,e, f}.
3. 3agaTtu OiHapHe BifHOIIEHHS R Ha MHOkHUHaX A 1 B MatpuyHuM, TabIuyHUM
Ta rpa(I9HUM COCO0aMMU, AKIIO R = {(a,b)\a € 4,b € B,a npawoe b} , A={cTOAP,

MyJISIp, Teclis, OyAiBeNnbHUK, ToKap j, B={dap0ba, cramecka, MOJIOTOK,
TOKApHUM CTaHOK, JOJIOTO}.

8.1 [IlousrTs BinoOpaxeHus ado gyHkuii

Hexan X iY aBi MHOXUHW. BigobparkeHHAM f MHOXUHU X Y MHOXUHY Y
HA3WBAETbCA MPABU/IO, AKE KOXKHOMY eneMeHTy x € X CTaBuTb Y BiANOBIAHICTb OAMH
i TINbKM OAWH enemeHT yeY.

3amicTb cnoBa "BigobpaxeHHA" MOXKHa BXuBaTM "¢yHKUis", "onepaTop”,
"BignosigHicTb".

,
3ammen  y=f(x), XY, f:X—>Y osHavalot, wWo f €

BiLOOpPaKEHHAM MHOXUHU X Y MHOXUHY Y.

Ona  no3HayeHHs yHKUiT BMMBaAOTbCA ¢ iHWiI OyKBM, HanpuKknag,
y=g(x), y=F(x).

EnemeHT y, akui BigobparkeHHA f cTaBUTb Yy BiANOBIAHICTb eNemMeHTy x,
Ha3MBaETbCA o0bOpasom enemeHTa x nNpu BigobparkeHHi f abo 3HayeHHsSMm
BifoGpaeHHA f y Touui x i nosHauaetbcA cumsonom  f(x). MHoxuHa X

Ha3MBaeTbCA 06NACTIO BU3HAueHHA BigobpaeHHAa f i nosHavaetbea D(f).
MHOMMHa R(x):{y|ElxeD(f):f(x):y} Ha3MBAETbCA MHOMMHOIO 3HaueHb

BigobpakeHHa f.
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Hexah f:X oY, AcX, BcY. O0O6pasom MHOXMHM A npwu
Bio6paxeHHi f Ha3MBaETbCA MHOMMHa f(A):{f(x)|xeA}. MNpoo6pazom

MHOMUNHMU B npwu BiAOOpaXKeHHiI f Ha3UBaETbCA MHOMHA
f_l(B):{xeX|f(x)eB}.
padikom bYHKUIT f:X->Y HA3MBaAETbLCA MHOWHa

G(f)z{(x,y)eXxY|xeX,y:f(x)}.

Akwo f:X—->Y i g:Y—>Z, 10 dyHkuia h: X — Z, Aka BU3Ha4vaeTbCA

dopmynamm h:g(f(x)), x€ X Ha3MBaeTbCA CKNafeHow oyHKLUieo, abo
cynepno3suuieto ¢pyHKUiN f i g.
Mpuknagum. y(x) =sinx, g(y) =y, h(x) =g(y(x)) =sin’ x.

BinobparkeHHs [ : X — Y Ha3uBaeTbcA BigobpaKeHHAM MHOXMHUM X Ha

MHOXWHY Y a6o cyp'ekuieto, akwo f(X)=Y.

BinobparxkeHHA f:X->Y Ha3MBAETbCA  B3aEMOOAHO3HAYHUM

BiLOOpaKEeHHAM MHOXUHN X Yy MHOXMHY Y abo iH'eKLi€l0, AKLWO

Vx, e X,Vx, e Xix, #x, = f(x)# f(x,).

BinobparkeHHa f: X — Y, saAKe € cyp'ekuielo Ta iH'eKLi€l0, Ha3MBaEeTbCA
bieKuielo. Y UbOMYy BMMAAKY roBOpATb, WO [ 3AiACHIOE B3aEMHO OAHO3HAYHY
BiANOBIAHICTb MiXK MHOXMHamKn X i Y.

AKLWO f:X—>Y- 6iekuia, TO VyeYalxe X: f(x)=y. ®yHkuin
'Y = X HasusaeTbes 0bepHeHoto fo biekuii [, akwo f(x)=y 1a [ (y)=x.

BinobparkeHHa f:N —> X Ha3MBaAeTbCA NOCNILOBHICTIO enemeHTiB i3 X .
MOCNIAOBHICTb MO3HAYAETBCA TaK: X,,X,,....X,,..., A€ X, =f(n) — n-Huit uneH

NOCNiA0BHOCTI.
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8.2 TIlory:KHICTH MHOKUH

MHOXHHa, SIKa CKJIATA€ThCS 13 CKIHYEHHOI'O YHCIIa €JIEMEHTIB, HAa3WBAETHCS

CKIHYEHHO0. J[JI1 CKIHU€HHOT MHOXHWHH A YHCIO ii €JIEMEHTIB MO3HAYA€ThCS ‘A‘

CkiHYEHHI MHOXXMHHM MOXHa TMOPIBHIOBATH 3a KUIBKICTIO iX eJeMeHTIB. BuHukae
MATaHHS, SIK MOXHA MOPIBHIOBaTH HeckiHueHHI MHOXKuHHM? ['. Kantop moOynyBas
TEOPIto, AKa MICTUThH BIJIMOBIAb HA MOCTaBJICHE MUTAHHSA. BUXiAHUM MYyHKTOM i€l
TEOpIi € MOHATTS NOTYKHOCTI MHOKUHHU.

Muoxunu A 1 B Ha3uBalOThCA PIBHOMOTY>KHUMH (MalOTh OJHAKOBY
MOTYXXHICTB), AKIIO icHY€E Oiekiiss f : A — B. PIBHONOTY>XHI MHO)XMHU TIO3HAYAIOTh

Tak: A ~ B.

8.2.1 3unciaeHHi MHOXNHU

MHO%kWHa A HA3UBAETHCS 3YUCIEHHOIO, AKIO A ~ N. Y 1IbOoMy BUIIAIKY
TOBOPATH, 1110 €JIEMEHTH MHOKMHU 4 MOKHA 3aHYMEPYBATH.

MaroTh Miclie HACTYIIHI TBEPKEHHS:

1. HeckiHyeHHa MiIMHOXWHA 3YUCICHHOT MHOKUHU 3UHUCIICHHA.
HeckiHueHHa MHOXXUHA MICTUTh 3UYUCJIEHHY MIIMHOXHUHY.

3. O0'enHaHHsl 34YMCIEHHOI MHOXHWHU 3YMCICHHUX MHOXHUH € 3YHMCICHHOIO
MHOKHHOIO.

4. JlexapTiB 10OYTOK ABOX 3YMCICHHUX MHOXUH 3UHUCICHHUM.

5. IcHYIOTh HE3UUCIIEHH1 MHOXKHUHU.

JIoBeleHHs MEpILOro i IPYroro TBEPHKEHHsS IOCHTh MPOCTi. IX MPONOHYeTHCS
BUKOHATH caMOCTiiHO. CIMHMUMOCH Ha JOBEJICHHI1 TBEPKCHHS 3.
Hexait  A4,4,,..,4 ,...- 34dCleHHI MHOXHMHHM. Toal Amd  KOXKHOrO

nzl A = {anl,anz,...,ann,...}.
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o0
Enementn 00'eqHaHHA UAn IMX MHOXXWH MO>KHA MOJAATH y BUTJIAI1 TaOIuUII

n=l1

— —>

n

................................................

1 3aHyMepyBaTH, HaNpUKIAJ] y TMOPSAIKY, BKazaHOMy cTpiuikamu. Llum came Oyxe

BCTaHOBJIEHA OleKuisd f : UAn — N . Orxe, UAn ON.

n=1 n=1
AHAJNOT1YHO JIOBOJUTHLCS TBEPKESHHS 4.

Hexait A={a,,a,,...a,,..}, B={b,b,,...,b,,...}. Toni nexapris n00yTOK

Ax B cknamaerbed 13 nap, K1l MOYKHA PO3TalllyBaTH B TAKOMY HOPSIKY

1 3aHyMEpYBaTH TaK, K 3p00JICHO B MONMEPEIHHOMY BUMIAJIKY.

JIist moBeIeHHS TBEPAXKEHHS 5 3aCTOCYEMO J1arOHAIbHUI MeTo (AlaroHallbHY
npoueaypy) Kanropa.
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Hexaii A4 — MHOXHHA BCIX MOMJIMBHX HECKIHYCHHHX JIAHIIOTIB, IO

CKJIaJIal0ThCs 3 ABOX CUMBOIIIB, Hanpukian 0 1 1, Burisany x = (0,1,1,...,0,...).

HOKa)KeMO, 10 MHOXXHHA A He3ducieHHa. HpI/IHYCTI/IMO, oo CJIICMCHTHU

MHOXXHHH A 3aHyMepoBaHi, TOOTO 0 MHOKHHA 4 3uuciieHHa. Hexai

X, = (a“’alz,...,aln,...),

X, = (azl,azz,...,azn,...),

nie KoxkHe a; nopismioe 0 a6o 1. YrBopumo enement y =(by,b,,...,b,,...,), NOKIaBIIH

b #a,,b, #a,,,....b, #a, ,1xoxHe b BiINOBiAHO nopiBHIOE 0 abo 1. OueBunHoO,

nn

mo y € A, ajne He 30IraeTbCs 3 JKOMHUM 13 3aHYMEPOBAHUX €JIEMEHTIB X, € A. A 1e

CyHnepeHuTb TOMY, 11O BCI1 €JICMCHTU MHOXXHUHH A MO’KHA 3aHyMCpPYBAaTH.

8.3 MaremaruyHa iHAYKIist

MareMaTu4dHa iHI[YKHiH — O€ MCTOA AOBCACHHA MATCMATHYHHX TBCPIKCHD,

SIKMH TIOJISITa€ y HACTYIHOMY: TBEpIKEHHs A(x), sike 3aleKHTh BiJ| HATYPalIbHOTO
mapaMeTpa X, BBAXae€TbCs JOBEICHHM, skimo nosexeHo A(l) i VneNis

NPHUITYLIEHHS, 1O CrpaBeuIiBe A(n) , JOBEICHO cpaBe/unBicTs A(n+1).

JloBenenns TBepkeHHs — A(l) Ha3MBAeThCS IEPIIMM KPOKOM  iHIYKIi
(6asucom inmykuii), a noBenerHs A(n+1) 3a mpunymenns crnpasemiuBocti A(n)

Ha3UBA€TbCS IHAYKTUBHUM mepexoioM. [Ipu 1mboMy x Ha3MBaeTbcsl MapaMeTpoM
IHAYKII, a TPUMyIICHHS A(n) MIpU JI0BEJICHHI1 A(n+1) HA3UBAETHCS 1HAYKTUBHUM

MPUITYIICHHAM.

Hexaii A — 3uncineHHa MHOXHHA 1 1J11 n €N
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neN A”={(a1,a2,...,an)|a,.eA,lSiSn}

€ MHOXXHMHA BIIOPSIKOBAaHMX M-YJICHHUX JIAHIIOTIB. Tozl 3a TBepKEeHHIM 4 1

METOJIOM (TPUHITUIIOM) MaTeMaTUYHOT IHAYKIT A" € 3YHCICHHOI0 MHOXHHOIO
VneN.

8.4 JliiicHi yncaa

VYBeneMo akclOMAaTHYHE O3HAY€HHs MIMCHUX 4HCeNl. [3 HIKUIBHOTO Kypcy
MaTeMaTHKA BIJIOMO, IO MHOXXHMHA JIMCHUX 4YHCENT CKIQAA€ThCS 13 MHOXHUHU
palioHaIbHUX Ta IppalliOHATILHUX Yucell. PallloHaJlbHUM Ha3WBAETHCS YHCIO, SKE

MOXHA MOJAaTH Y BUIJISIAI 3BUYAHHOTO APOOY £, e p, ¢ — ULl 4dclia, IpUuaoMy

q #0. IppaimioHaIbHUM Ha3UBAETHCS YKCIO, SIKE HE € palloHadbHUM. bynb-sike

paiioHajabHe YUCIO0 € abo IIuM, a00 CKIHUCHHHUM YH HECKIHYEHHHM MEPIoUIHUM
JECITKOBUM JIpoOoMm. IppartioHanbHi 4uciaa — 1€ HECKIHYEHH] MepIOAUYH1 IeCATKOBI
npoOu. BusBlieHHs ippalllOHATLHUX YHUCE MOB'A3aHE 3 YCTAHOBJIEHHSM Yy IIKOJI1
[Tiparopa (570-496 p. 1o H. €.) HECYMIPHOCTI AlaroHalli KBajpaTa 1 HOro CTOPOHH,
TOOTO 3 YCTAHOBJIEHHSIM TOTO (PaKTy, 110 JOBXHHA J1aroHalll KBajpaTta HE MOXe OyTH
BHpa)XEHA palllOHAJTLHUM YHCJOM, SKIIO B 3HAYEHHI OJWHUIIl BUMIPIOBAHHS B3STH
JIOBKUHY CTOPOHU KBajpara.

Mu namo akcioMaTHYHE O3HAYEHHSI MHOKUHH JIMCHUX YHUCEI.

MHOXXHHOI MIMCHUX 4YHUCENl HAa3WBAETHCS MHOXKHHA €JIEMEHTIB, I SIKUX
BUKOHYIOTbCSI HACTYITHI aKCIOMH.

8.4.1 AkciomMu 10JaBaHHA i MHOKEHHSA

st Oynb-skoi mapu a Ta b MIWCHUX YKCENl OJHO3HAYHO BHPAXKEHE YHCIIO
a+ b, sike Ha3MBAETHCS X CYMOTO.
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Jlist Oynb-sikoi mapu @ 1 b MIACHUX YHCeN OHO3HAYHO BUPAXKEHE YUCIO d-b
, SIKE HA3UBAETHCS X TOOYTKOM.

JInst Oynb-KUX N1MCHUX yucen a, b, ¢ BUKOHYIOTHCSI HACTYIHI aKCIOMU:

1° a+b=b+a.

2°, a+(b+c)=(a+b)+c.
3. a-b=b-a.

4°, a-(b-c)z(a-b)-c.

5, (a+b)-c=a-c+b-c.
6°. IcHye eaune uncno 0, Take, mo a+0=a a1 Oyab-IKOTO YHCIA a.

7°. Jlns Gyap-sikoro umena a icHye take uucno (—a), mo a+(-a)=0

(4ncno (—a) HA3UBAETHCS HPOTHICKHUM YHCIY a ).

8°.  IcHye equne yncno 1, Take, mo a-l1=a a1s Gyab-9KOro UKcia a.

. - -1
9°.  Jlna Gymb-skoro uucna a#0 icHye Take WMcno a ', mo a-a  =1;

YUCIO @ | TO3HAYAETHCS TAKOK CHMBOIOM — i HA3MBAETHCS OOCPHEHUM 10 4.
a

8.4.2 . AkcioMu nopiBHSIHHS AiiCHMX YHCes

JUia Oynp-KUX AIMCHUX 4ucen a, b ycTaHOBIEHE OJHE 13 CIIBBIAHOLIEHB:
a=b, a>b, b>a.

n_n

BinHomrenus Mae€ BIACTUBICTE: AKIO a=b 1 b=c, T0 a=c.

Jlnst Oynb-Kux niiicHux uncen a, b, ¢ BUKOHYIOTHCSA HACTYIHI aKCIOMH:

10°. Skuo a>bib>c, 10 a>c.
110, Sxmo a>b, To a+c>b+c.

129, dxmo a>b i b>0, 10 a-b>0.
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3ayBaxkenHsi. 3amictb a >b numyte b<a.

8.4.3 Akcioma HenepepBHOCTI AiCHUX YK ces

139, Hexait X iV - JIBI MHOXXHWHH, K1 CKJIAJalOThCS 13 HIMCHUX YHCEI.
Toni, skmo Vx e X,VyeY , BUKOHYETbCS HEPIBHICTh X < y, TO ICHY€E NMPUHAKMHI

onne aiiicHe uncio C, s SIKOTO BUKOHYEThCSI HEpIBHICTE X< C < y.

3ayBa:keHHsl. Y MHOXUHI JIUIIIE PAI[IOHAIBHUX YUCEN aKCloMa HENEPEPBHOCTI
HE BUKOHYeThCs. JlificHO, Hexall X  CKIQJa€eThCs 13 MHOXHHHU paIliOHATBHUX

qHCcell, TAKUX, M0 X < \/E , a Y — i3 MHOXXKMHHU pallioHaJbHUAX YHCET Y > \/5 . Tomi
Vx e X,VyeY Buxonyerbcs HepiBHICTh Xx < y. [IpoTe He icHye panioHaJIbHOIO

gucina C, takoro, mo06 Vxe X,VyeY BuxonyBanacs 6 HepiBHICTh X< C < y.

Takum 4rcIOM MOTJIO OyTH JIUIIIE YUCIIO \/5 , @ BOHO, SIK BIJIOMO, ippallioHaJIbHe.

8.4.4 Jleski BaacTUBOCTI AiliCHUX YmceT

HaBenemo mesiki BJIacTUBOCTI JIMCHUX YHUCE.

l. Yucno x=b+ (—a) € PO3B'SI3KOM PIBHSIHHS @+ X =5h.

Hosenenns. [linctaBuMo B 1aHe piBHSHHS 3aMICTh X MOT0 3HAYCHHS:
a+b+(-a)=b.

3rinno 3 1°  a+(-a)+b=b.

3rimios 20 (a+(-a))+b=b.

3rimio3 7°  0+b=b.

3r1aHo 3 60 b=>.

3ayBakenns. Ywucno b+(—a) HA3MBAETHCS PI3HUICID uucen a Ta b 1

no3Havaetrbcsi b —a. 3azHaunmo, 1o 3a yMoBu b>a pizauns b—a>0. [ilicHo,
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akmo b>a, 1o 3a 11° OnepxyeMo b+(—a)>a+(—a), nani 3a 7°. Maemo
b+(-a)>0,T06T0 b—a>0.

2. Yucno x=b-a~! € PO3B'SI3KOM PIiBHSIHHS a-Xx=b, skmo a #0.

JoBeaenns. [lizctaBuMo B 1aHe PIBHSAHHS 3HAYEHHS X :
-1 _

a-b-a =b>.

3rigHo 3 30 a-a”b=b.

3r1aHo 3 49 (a -a_l)b =b.

3rimno3 90  1-b=b.
3r1IHo 3 80 b=>b.

3ayBaskenns. Ywucno b-a~'  Hasueaerbcs wacTkol wmcen a # b i

b
mo3Hayaetecss — abo b:a.
a

3. Slxmo a<b, 10 —a>-b.
JiiicHo, ockitbku a<b, To b—a>0. Otrxke, 3a 119 b—a+(—b)>0+(—b),

3BIJIKU OJIEpKYEMO —a > —b.

3okpema, ko a>0,10 —a<0,asakmo a<0, 10 —a>0.
JI1¥iCHO, 3T1THO 3 60 (—O) +0=-0, mam3a 70 (—O) +0=0. Orxe,

0=-0.

4. Sdxkmo a>b 1 ¢>d, 10 a+c>b+d.
JliiicHo, skmo a>b 1 ¢>d, 10 3a 119 at+c>b+c, c+b>d+b. [Jam

3T1OHO 3 100 a+c>b+d.

5.5kmo a<b Tta ¢>d, To a-c<b-d.
JificHo, skmo c¢>d, TO 3TiAHO 3 160 —c<-d iz 4 OJIEPKYEMO:

a-c<b-d.
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6.a—a=0.

Ile BumauBae 3 TOrO, IO a—a=a+(—a)=0.
7.a-0=0.

Cnpasni, a-0=a-(b—b)=a-b—a-b=0.

8. —(—a) =aq.

JlaHa piBHICTH JOBOJIUTHCS TaK: —(—a) = (—(—a)) + (—a) +a=0+a=a.

0. (—a)-b=—a-b.

JloBeieHHA:
(—a)-b=(—a)-b+a-b+(—a-b)=((—a)+a)-b—a-b=0-b—a-b=
=0-a-b=-a-b.

3o0kpema, (—1)-a=—a.

10. SIkmo a<0 1 b>0, Toa-b<O0.

Hiticno, ockinbku a <0, o —a>0, a Tomy (—a)-b>0 (3rigHO 3 120).
OTxe, (—a)-b=—a-b>0, a3Biacu a-b<0.

11. SIkmo a<0 Ta b<0, TO a-b>0.

Copasni, ockuibku b<0, To —b>0, a Tomy (—b)-a<0 (3rigHO 3 100).

OTxe, (—b)-a=—a-b<0, a3Blacu Maemo a-b>0.

12.5xmo a#0, TO a-a=a*>>0.

Lle BumuBace 3 129§ 11,

3a pnactusictio 120 maemo: 1=1-1=1%2> 0, TobTo 1>0.

Hapani OynemMo BHKOPHUCTOBYBAaTHM i 1HIII BJIACTHBOCTI JIMCHUX YHCEN, HE
CIUHSAIOYHUCH Ha iX (hOpMaIbHOMY JOBEJCHHI.

Bnacmugicmes. [3 o3nauents MHONMCUHU OIUCHUX HUCEN BUNIUBAE, WO Y MHONCUHA
8NOPAOKOBAHA.

. 1
MHOXHHY A1CHUX YUCEN IMO3HAYaTUMEMO OyKBOIO R .
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8.5 IlousaTTs BinoOpaxkeHHs a00 pyHKUil

Hexait X 1Y aBi MHOXkuHU. BinoOpaxkeHHsIM f MHOXHMHH X Yy MHOXHUHY
Y Ha3zuBaeThCs MpaBUIIO, SIKE KOXKHOMY €JI€MEHTY X € X CTaBUTh y BIINOBIJIHICTb
OJIMH 1 TUIbKU OJIUH €JIEMEeHT Yy €Y.

3amicTh cioBa "BimoOpaxkeHHs" MoxHa BxuBatH "QyHKIiA", "omeparop",
"B1AIMOBIIHICTE".

,
Bamen  y=f(x), XY, f:X—>Y osHawaioth, WO f €

B1I0OOpaXKEHHSM MHOKUHU X y MHOXHHY Y.

JUia  mo3HayeHHs (yHKUIT BXHUBAKOThCS M 1HIII OYKBH, HaIpHUKIajd
y=g(x), y=F(x).

EnemeHT y, skuil BinoOpakeHHs f CTaBUTh Y BIJINOBIOHICTH E€JIEMEHTY X,
Ha3uBaeThcsi oOOpa3oM enemMeHTa x Mnpu  BigoOpaxeHHi f a00 3HAYEHHAM
BioOpaxeHHs f y Toumi x i mosHadaeTses cumBonoM  f(x). MHoxuHa X

Ha3UBA€ThbCS O0JACTIO BU3HAUCHHS BIOOpakeHHsT  f 1 I03HAYA€THCS D( f )

MHoxuHa R(x) = { y|dxe D( f ) f (x) = y} HA3MBAETbC MHOXXHHOIO 3HAYEHb

BiioOpaxeHHs f.

Hexait f: X ->Y, AcX, BcY. OOpazom wMHOXUHU A T1pHU

BinoOpaxenni f Hasusaethes muoxkmna  f(A)={f(x)|xe A} . IIpoobpazom

159



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

MHOKHHU B pu B1I00pakeHH1 f HAa3MUBAETHCS MHOKHHA
-1
f (B):{xeX|f(x)eB}.
I'padikom byHKIIIi f:X->Y HAa3MUBAETHCS MHO>KHHa

G(f)z{(x,y)eXxY|xeX,y=f(x)}.

SAxmo f:X—>Y 1 g:¥Y—>Z, 10 pynkuia h: X — Z, ska BU3HAYAETHCA
Gopmynamu  h = g( f (x)), x€ X HasuBaeThCA CKIAIEHOI (yHKIiEW, abo

Cynepno3uuiero QyHkuin f 1 g.
Hpuxknaaan. y(x) =sinx, g(y) =y, h(x) = g(y(x)) =sin’ x.

O3znauennsi. BinobpaxkeHHs f:X —>Y mHazuBaeThcs  BiOOpaKEHHSIM

MHOXXMHM X Ha MHOXMHY Y abo cyp'ekmi€ro, skmo f (X ) =Y.

Osznauenns. BimoOpaxenus [f:X —Y Ha3uBaeThCs B3a€EMOOAHO3HAYHHUM

B1JI0OpaX€HHSAM MHOKMHM X y MHOXKHMHY Y a0o iH'ekuiero, Ko

Vx e X,Vx,e X:ix #x, = f(x)# f(x,).

Osznauenns. BigoOpaxenns f:X — Y, sKe € Cyp'eKii€ro Ta iH'EKIIE0,
HA3WBAETHCS Oi€KIi€w. Y 1bOMYy BHUIAIKYy TOBOPATH, MO [ 3HIMCHIOE B3aEMHO

OJIHO3HAYHY BIAMOBIIHICTh M MHOXKMHaMu X 1 Y.

Skmo f: X —>Y— Oiexuis, TO VyeYilxe X: f(x) =y. OyHKUIA
'Y — X nasuBaetbes oGepHeHOM0 10 Oiexuii f, sxmo f(x)=y ta £ (y)=x.
BimoOpaxenus f:N — X Ha3UBaEeThCS MOCHTIIOBHICTIO €IEeMEHTIB i3 X .

ITOCINOBHICTh MO3HAYAETBCS TAK: X,,X,,...,X,,..., A€ X, =f(n) — n-HuHil wieH

MOCI1TOBHOCTI.

4.3.1.6. I1IoTy:KHICTH MHOKHH
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MHOXHHa, SIKa CKJIAJA€THCS 13 CKIHYEHHOI'O YHCIIa €JIEMEHTIB, HAa3WBAETHCS

CKIHYEHHO0. /{711 CKIHUEHHOT MHOXHWHH A YHCIO ii €JIEMEHTIB MO3HAYA€ThCS ‘A‘

CkiHYEHHI MHOXXMHHU MOXHa TMOPIBHIOBATH 3a KUIBKICTIO iX eJeMeHTIB. BuHukae
MUTaHHS, SIK MOKHA MOPIBHIOBAaTH HeckiHueHHI MHOXKuHHM? ['. Kantop moOynyBas
TEOPIto, AKa MICTUTh BIJIMOBIAb HA MOCTAaBJIeHE MUTAHHSA. BUXiAHUM MYyHKTOM i€l
TEOpIi € MOHATTS NOTYKHOCTI MHOKUHHU.

Muoxunu A 1 B Ha3uBalOThCAd PIBHOMOTY>KHUMH (MalOTh OJHAKOBY
MOTYXKHICTB), SIKIIO iCHYE Olekuiss f:A4—> B.

PiBHONOTY>XH1 MHOKMHU NIO3HAYalOTh Tak: A ~ B.

8.5.1 MaremaTn4yHa iHaAyKIis

MareMaTu4dHa iHI[YKHiH — O€ MCTOA AOBCACHHA MATCMATHYHHX TBCPIKCHD,

SIKHH TI0JISITa€ y HACTYIHOMY: TBEpIKEHHs A(x), sike 3aleKHThb BiJj HATYPalIbHOTO
mapaMeTpa X, BBAXae€TbCs JOBEICHHM, sKimo noseaeHo A(l) i VneNis

NPHUITYLIEHHS], 1O CIpaBe/uIiBe A(n) , JOBeIeHO cipaBe/unBicTs A(n+1).

JIoBeIeHHSI TBEPIKCHHS A(l) HA3WBAETHCSA TEPITUM KPOKOM 1HAYKITi1
(6asucom inmykuii), a noBenerHs A(n+1) 3a mpunymenns crnpasemiuBocti A(n)
HA3WBAETHCS IHIYKTUBHUM IepexoqoM. [Ipyu mpoMy x Ha3WBAETHCS IMapaMeTpPOM
IHAYKIII, a TPUMYIIEeHHS A(n) MIpU JI0BEJICHHI1 A(n+1) HA3UBAETHCS 1HAYKTUBHUM

MPUITYIICHHAM.

Hexaii A — 3uncineHHa MHOXHHA 1 111 n €N

neN A”={(a1,a2,...,an)|a,.eA,lSiSn}
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€ MHOXXHMHA BIIOPSIKOBAaHMX M-YJICHHUX JIAHIIOTIB. Tojl 3a TBepKEHHIM 4 1

METOJIOM (TPUHITUIIOM) MaTeMaTUYHOI IHAYKIT A" € 3YHUCICHHOI0 MHOXHHOIO
VneN.
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8.6 UMCJIOBI NOCJIIJOBHOCTI

8.6.1 O3HayeHHS YHCJIOBOI MOCJTITOBHOCTI

O3navennsi. UYuciaoBoro TMOCHIAOBHICTIO HA3UBAETHCS  BIIOOPAKEHHS
f:N—>R.

OTxe, K0 KO)KHOMY HAaTYpaJIbHOMY YHCJIOBY 7 IIOCTaBJIEHO Y BIAMOBIIHICTh
A1MCHE YUCIIO X, , TO MHOXKMHA J1MCHUX 9HCE

X3 Xyseeis X yen (1)

Ha3nMBA€THCA YU CIIOBOIO HOCJ'IiI[OBHiCTIO.

Yucna X(3 Xy peees X, pee Ha3MBAIOThCA elleMeHTaMu (a00  YJIeHaMM)

nocaigoBHOCTL. CUMBON X, HAa3UBAETHCS 3arajJlbHUM €JIIEMEHTOM IOCIIJOBHOCTI, a
n— iioro HoMepoMm. CkopoueHo mociinoBHicts (1) mosHauaeTbest Tak: {x,}.
1 11 1

Hanpuknan, {—; € nmociigoBHicTs 1,—,—,...,—,...
n 23 n

[TocmiI0BHICTh BBRXKAETHCS 33JaHOI0, SIKILIO BKAa3aHO MPABUIIO, 3@ IKUM KOKHOMY
HaTypaJIbHOMY 4YHUCJIOBI 7  IOCTaBJICHO Yy BIANOBIOHICTh AIMCHE 4YHCIO X, .

Haiiuacrinie 4icioBy NOCIHIIOBHICTb 33J1al0Th (POPMYIIOI0 3arajibHOTO (72 —T0) WieHa

. : n
nocnigorocti:  x, = f(n). Hanpuknax, ¢opmyma x, =—— 3amae YHCIOBY
n

MOCIIIOBHICTH

UucnoBy MNOCHIAOBHICTD MOKHA 3aaTH PEKYPEHTHOIO (OPMYIIOH, TOOTO
dbopmyIioro, B SIKil yKa3yeThCsl MPABUIO, 32 KOTPUM MO>KHA BUPA3UTH HACTYyHHUH 11
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yjieH yepe3 nonepenni. Hanpukiian, apupmeTnuna nporpecis 3 NepUiuM WIEHOM  a,

Ta PI3HUICI0O d BU3HAYAETHCS PEKYPEHTHOIO (POPMYIIOIO

a,,=a,+d abo a,=a,+(n-1)d.

PexypenTHO10 (hOopMyIiOIO

M :1’y2 :l’yn =Vpa T V00 =3,4,5,...

3a1a€THC MOCIIIIOBHICTD

1,1,2,3,5,8, 13,21, 34, 55,...,

110 BiJloMa B MatemaTulll sk " psig @i6onayui", a i wieHu — sk uyncia Gidonauui. 11
yyciaa MawTh psAll I[IKaBUX BlacTuBocTeil. HWHI BOHM BUKOPHUCTOBYIOTHCS MpU
oOpobmi  iHpopmanii Ha EOM, npu BiAllykaHHI ONTUMAJIbHUX METO/IIB
MporpaMyBaHHS TOIIIO.

8.6.2 ApudmernyHi aii HaX YUCJTOBUMH MOCTITOBHOCTAMU
Hexaii 3anano nocaigosrocti {x,} i {y,}.

JloGYTKOM MOCIIZOBHOCTI {x,} Ha 4YHCIO m HA3MBAETBCS IOCIIIOBHICTH

{mx,}, ToGTO

mx,,mx,,...,mx

nocee
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Cymoto nociinosHocteil {x,} i {y,} HasuBaeTbcst mocminoBHICTS {x, +,}:

X +y1,x2 +y2,...,xn +yn,...;

P13HUOCIO — ITOCIIIIOBHICTD {Xn - yn} .

X, = V15Xy = Vosees X, = Voseees

T0O0YTKOM — MOCHIAOBHICTb {xn . yn} :

X0 Vs Xy " Vosees Xt Y, sens

n

. . X
YaCTKOK — IMOCIIOOBHICTE < —

Y
ﬁ,ﬁ,...,ﬂ,...; ne y, #0VneN.
N Y

8.6.3 Oo0OmMexeHi i HeoOMeKeHI YMCJI0BI MOCTiITOBHOCTI

[locninoBHICTH {xn} Ha3UBAETHCSI OOMEKEHOI 3BEpXy, SKIIO ICHYE Take

qyucao M , o A7 BCIX ii WIEHIB X, BUKOHY€EThCS HEPIBHICTh X, < M.
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[locninoBHICTH {xn} Ha3UBAETHCSI OOMEKEHOIO 3HU3Y, SKIIO ICHY€E TaKe YUCIIO

m , WO JUIS BCIX 11 YWICHIB X, BUKOHYETHCSA HEPIBHICTH X, = M.

TocninoBHicTs {x,} HA3MBA€THCS OOMEKEHOIO, SKILO BOHA OOMEKEHA 3BepXy i

3HU3Y.
Hexail mociigoBHICTh {xn} oOMexeHa, ToOTO 1CHYIOTh Takl uncaa M 1 m, o

Wig Oyap-sakoro ii WieHa X, BHUKOHYETbCS HEPIBHICTD m<x <M. Hexan

b

A :max(‘m M D Toal yMOBy OOMEXEHOCT1 MOCHITIOBHOCTI MOKHA 3alMCATH TakK:

‘xn‘SA.

Osnavenns. IlocnioBHICTB {xn} HA3UBAETbCS HEOOMeNHceHow, KO I
Oyab-akoro uncia A>0 iCHye eleMeHT X, 1€l MOCIIIOBHOCTI, JUIsl SIKOTO

BUKOHY€TbCSI HEPIBHICTD ‘xn‘ > 4.

3ayBaxxenHss. HeoOMmexeHa MOCHIJOBHICTE MOXKE OyTH OOMEKEHOIO 3BEPXY
a00 3HU3Y.

Mpuxaanu.
[TocmigoBHICTE 1,2,4,...,2n,... obmexena 3Hu3y (1<x =2n), ame He

oOMeKeHa 3BEpXy.
[locnimoBHicTe  —1,-2,-3,...,—n  oOMmexeHa 3Bepxy (x, =-n<1), ane He

oOMeXxeHa 3HH3Y.

[MocmimoBHICTE

3
. . n
ocninosnicts —1,2,-3,4,...,(—1)" - n,... He oOMexeHa.
8.6.4 HeckinueHHO MaJi i HecCKiHYeHHO BeJINKi MOCIiTOBHOCTI.

[TocninoBHICTE {xn} Ha3UBAETHCSI HECKIHYEHHO BEJIMKOIO, SKIO sl Oy/ib-
akoro yuciaa 4 >0 icHye Takuii HoMep N, IO A BCIX €IEMEHTIB X, 3 HOMEPOM

n > N BHKOHY€TBCS HEPIBHICTB ‘xn‘ > 4.
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3ayBa:keHHsl. Y HaBEJEHOMY O3HAa4Y€HHI HOMep N 3aJexuTh Bia yucia A,
T00T0 N =N(A).

OueBUIHO, MO BCSKA HECKIHYCHHO BEJIMKA IOCIIJOBHICTE € HEOOMEKEHOIO,
MpOTE HE BCAKa HEoOME)KeHa MOCIIIOBHICTh € HECKIHYEHHO Beaukow. Hampukias,
HeoOMmexeHa mocmigosHicts 0, 1, 0, 2, 0, 3, ..., n, 0, n+1, ... HE € HECKIHUCHHO
BEJIMKOI0, OCKUIBKM HE ICHy€e Takoro Homepa N, mo0 mif Bcix x,, ge n>N

BUKOHYBajacs 0, HalpuKIIaJl, HEPIBHICTh ‘xn‘ >1(A4=1).
Hpuxaan 1. ITokazatu, 10 NOCIITOBHICTh {2n} € HECKIHUEHHO BEJIUKOIO.

Hexaii maemo poBuibHe umcino A>0. I3 HepiBHOCTI ‘xn‘ = ‘2n‘ >A abo
nz [g} +1. Tak y Bunanky 4 =200 mu otpumyemo n > 101.

O3HaueHHS. HOCJ’IiI[OBHiCTB {Oln} HA3UBAETLCS HECKIHYEHHO Maaor, sIKIo

JUIsl OyAb-SIKOTO (SIK 3aBrOJHO Mayioro) uncia ¢ >0 icHye Takuil Homep N, 1o AJis

BCIX €JIEMEHTIB X, 3 HOMEPOM 7 >N BUKOHYETHCS HEPIBHICTD ‘an‘ <g.

3ayBaxkeHHsl. VY HaBeJAeHOMY O3HAa4eHHI HOMep N 3aJeXuTh BiJ 4yuCIa &,
t00T0 N =N(¢).

Hpuxaan 2. ITokazatu, 10 NOCIITOBHICTh {nz} € HECKIHUEHHO BEJIHUKOIO.

Hexait Mmaemo noBuibHe yncino 4 > 0. I3 HepiBHOCTI ‘xn‘ = ‘nz‘ > A abo n>+4A.

IToxmanemo N = [\/Z ] +1 ([a] —yinla wacmuHa — HUCIAd Q).
Tomi ‘XN‘ = ([\/Z] + 1)2 . Ocki1bKH JZ < [\/Z] +1, 0 A< ([\/Z] + 1)2. Otxe, nmpu

n >N BHKOHY€TBHCS HEPIBHICTB ‘xn‘ > 4.

1

Hpuxaan 3. Ilokazatu, 10 NOCIITOBHICTh {—2} € HECKIHUEHHO MAJIOIO.

n

Hexait maemo noBinbHe yuciao € > 0. I3 HEpiBHOCTI ‘a

n

1
= <& OJICPKYEMO

1 : : : 1
n’> >—, Temep m00yHeMO KOPiHb 3 000X YAaCTHH HEpiBHOCTI n>——. [lokmamemo
g

Je

1
N:{%}Ll. Tomi mig Bcix n>N maeMo nZ{L}+1>L TOOTO \/E>—
£

Ve Je’ n

1
abo e<—2:‘an
n
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Teopema. Sxmo {xn} — HECKIHYEHHO BEJIMKa IOCIIAOBHICTB 1 BCl ii 4ieHn

BIIMIHHI BiJl HYJISl, TO MOCJiIOBHICTb {XL} HECKIHYEHHO MaJia, 1, HaBIaKH, SKIIO

{an} — HECKIHYEHHO Maja MOCHINOBHICTE U «, #(0, TO IOCIIJOBHICTH {ai}

n

HECKIHYEHHO BEJIMKA.
Hosenenns. Hexan {xn} — HECKIHYEHHO BEJIMKA IOCHIIOBHICTb. Bi3bMeMO

) ) 1 ) )
noBuibHe & >0 1 mokimagemMo A=—. OCKUIbKHU {xn} HECKIHYEHHO BEJIMKaA

g
MOCIIIOBHICTh, TO JUIsl BKazaHoro A icHye HoMep N Takuif, mo npu n>N
. : 1 I 1
BUKOHYETLCSA  HEPIBHICTH ‘xn‘>A. 3Bigcu  MaeMo |—|=—<—=¢. Orxe,
x| |x| 4
MMOCJIIIOBHICTh |—| — HECKIHYEHHO MaJia.

X

n

Jlpyra yacTuHa TeOpeMUu JOBOAUTHCS aHAJIOTTYHO.

8.6.5 30ixcni nocniooenocmi

I'panuus 4uciaoBOi mociigoBHOCTI. UYuCIO ¢ HA3MBAETHCS T'PAHULICIO
HOCI1IOBHOCTI {xn} , AKILO U OyAb-sAKoro uucia & >0 icHye Takuii Homep N, oo

JUISl BCIX YJICHIB TOCJIIOBHOCTI {xn} 13 HOMepoM # > N BUKOHYETHCS HEPIBHICTD

xn—a‘<e. )

SIKI10 YKMCIIO @ € TPaHUIICIO TOCTITOBHOCTI {xn} , TO MUIIYTh

limx =a,
n—0
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a caMy IOCJIIJIOBHICTb Ha3UBaOTh 301KHOIO.

ITocnimoBHICTD, SIKa HE € 301KHOI0, HA3UBAETHCS PO30KHOIO.

. n
Hpuxnan. dosectu, mo  lim——=1.
>0 +1

JoBenennsi. 3agamMo N0BUIbHE uyuciao & >0 1 MOKaxkeMo, 10 ICHYE Take
HaTypaJIbHe 4Hcio N, o0 Ul BCIX YJIEHIB MOCIIIOBHOCTI {xn} 13 HOMepoM n > N

BUKOHY€TBCSI HEPIBHICTD ‘xn - 1‘ <g.

: n
Ockunpku  x, =——, TO
n+1

n+l| n+l1

Po3B's13aBmm BITHOCHO 7 HEPIBHICTh 1 <&, MaeMo n>—-—1.
n+ g

. . 1
Axo B 3HaueHH1 N y34TH LTy YaCTUHY yuciaa ——1, ToOTO mokiacTu
&

1 .. .
N =|——1], TO HEPIBHICTH ‘xn —1‘ <& BHKOHYE€THCS 715 BC1X n > N . OTxe,
g

lim =1,
n—oh+1

SIKIIO ITOCIIIIOBHICTH {xn} 301kHa 1 lim x, =a, TO OyAb-sKUil i €JIEeMEHT
n—o

X, MOXHA MOJATH y BUIIAl X, =a+a,, 1€ «,- €IEeMEHT HECKIHYEHHO MaJIol

MOCTITOBHOCTI {an} .

HiiicHo, ko limx, =a, TO MOCIiAOBHICTH {xn —a} = {an} € HECKIHYEHHO

n—0

MaJolo, OCKUIBKU ISl Oyab-skoro & >0 icHye Takuih Homep N, mo mans n>N

<¢&.

BUKOHYETBCS HEPIBHICTD ‘xn - a‘ <&, T00TO ‘an
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Mae wmicue i obGepHeHe TBeppKeHHs. SIKIO0 X, MOXHa MOJATH Yy BUIJISII

i
x,=a+a,, 1¢ {a,} — HeCKIHYCHHO Maa NOCIiNOBHICTS, TO limx, =a.

n—0

HepiBHicTb (2) piBHOCHIIBHA HEPIBHOCTI —& <X, <& ab0 a—-¢<x,<a+¢,

13 SIKOI BUIUIMBA€E, IO X, 3HAaXOAUTHCA B & —OKOJl TOYKM a. OTXKe, O3HA4YEHHs

IPAaHUIl YUCJIOBOI MOCITOBHOCTI MOYHA JIaTH HACTYITHUM YHMHOM.

Uucino a Ha3UBa€ETHCS T'PAHUIICIO MOCTIOBHOCTI {xn} , SIKIIIO JJIs1 OYIb-SIKOTO
yucna & >0 icHye Takuil Homep N, IO BC1 WIEHH IOCHIIOBHOCTI {xn} 13 HOMEPOM
n> N 3HaXOIAThCS B & —OKOJI1 TOUKH 4 .

OueBuHO, IO HECKIHYEHHO BEIMKAa MOCIIAOBHICT, HE Mae rpanwuill. [HOm1
TOBOPSTH, 1110 BOHA MA€ HECKIHYEHHY IPAHULIO 1 TUITYTh

limx, =o0.
n—0

Skio npu 1bOMY, MOYMHAKOYHU 3 JESKOTO HOMEpA, BCl YIEHU MOCIIIOBHOCTI

nonatHi ( BiA'emHl ), To nuinyTs  lim x, =400 ( lim x, =-).
n—>0 n— o0

VYcsKka HECKIHYEHHO Majla IOCIII0BHICTh ¢, 301kHa, npuuoMy lime, =0

n—0

Ile Oe3mocepeHbO BUILIMBAE 3 O3HAYEHHS T'PAHUI[I YUCIOBOI MOCIIIOBHOCTI 1
O3HAaY€HHSI HECKIHUEHHO MaJioi YUCIOBOI MOCTIJOBHOCTI.

8.6.6 BuaactuBocTi 30I’KHHUX NMOCJTIIOBHOCTEH

Teopema. 301kHA MOCHITOBHICTh MA€ €UHY T'PAHULIIO.

JoBeaennsi. Ilpunyctumo, mo 301KHA TOCIHIIOBHICTh {xn} Mae JBl pi3HI

rpasui a 1 b, 10610 lim x, =a, lim x,=b,a*b . Toni x,=a+aq, Ta
n—w n—o

x,=b+pB,, ne a, 1 B, — eneMeHTH HECKIHYEHHO MaJWX MOCITITOBHOCTEH

{an} Ta {,Bn}. Otxe, a+a,=b+ B, a6o a-b=, —a,. Ockineku B, —Q, , 3a
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BJIACTUBICTIO HECKIHYCHHO MaJMX MOCIIJOBHOCTEH, € €JIeMEHTAMH HECKIHYCHHO
Majaoi HOCIIZOBHOCTI, a @ —b TmOCTiiiHE unciao, T0 a —b=0. Takum unnom, a=>.

Teopema. fkmio mociminoBHICTE {xn} 301KHA, TO BOHA OOMEXKEHA.

JoBenennsi. Hexaii lim x,=a 1
n—>0

BUKOHY€ETHCSI HEPIBHICTh ‘xn - a‘ <g,ne €>0.Toni

N - HOMEp, MOYMHAIOYM 3 SIKOTO

X, =‘xn —a+a‘£‘xn —a‘+‘a‘<e+‘a‘

s BCix n> N . Bubepemo A= max{g +‘a

[ X1 [5| X290 w05

x|} . 3a niei ymosn |x,|< 4
1Sl OyNIb-IKOTO n€ N .

3a3HayuMoO, 110 HE BCsIKa OOMEKeHa TMOCIITOBHICTh € 301kHO0. Hampukman,

. . n .
MTOCITIJOBHICTD —1,1,—1,1,...,(—1) ,... OOMexeHa, alie He 301KHa.

Teopema 2.6. Slxuo {x,} i {y,} — 36bkui nocrixosHOCTI, TO:

[locninoBHICTH {xn + yn}, dKa € CyMOlo (pI3HMIEI0) 301KHUX MOCIITOBHOCTEHN
{xn} Ta { yn}, 30KHA 1 11 TpaHUlLA JOPIBHIOE CyM1 (PI3HUII) TPaHUIb IUX
Moc1izoBHOCTEH, T06TO  lim(x, +y, ) =limx, +limy, .

n—»0 n—»0 n—»0

[ocninoBHicTh {xn - yn} , sIKa € T00YTKOM 301KHHMX IOCIIIJOBHOCTEN {xn} 17} { yn} ,
301KHA 1 11 TpaHUL OPIBHIOE TOOYTKY IpaHUIlb IUX MOCIIJOBHOCTEHN, TOOTO
lim(x, -y, )=limx, -limy,.

n—»0 n—»0 n—»0
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. : X, : . .

3. MocninoBHicTs {— ¢, siKa € YaCTKOK 30DLKHUX mocminoBHocTeli {x,} Ta {y,}, 3a
Y

ymoBu limy #0 , 30bkHa 1 i rpaHuI JOPIBHIOE YAaCTIi IpaHULb IUX

n—0

x limx,
HOCHITOBHOCTEH, TOOTO lim| % |=222— (limy, #0).

n—>00 Iim n—>00
Yu ) MYy,
oeedenns. Hexaii {xn} 1 { yn} — 30DKHI MOCIIZOBHOCTI Ta
’lggxn :a,’lggyn =b .Tomi x,=a+a,1 y,=b+p, , ne a, i B,— enementu

HecKiHYeHHO Manux mociinosrocteil {a,} i{f,}. Hokaxemo, mo mae micue:

) x ty, :(a+an)i(b+ﬂn)=(aib)+(an iﬂn).

OCKUTbKH (an iﬁn) € CJEMEHTaMHU HECKIHYEHHO Majioi  MOCIIZOBHOCTI

{a,+ B}, 10 3Bincy BummBae, mo lim(x, +y,)=limx, +limy, .

n—>o0 n—»x© n—»0
2) x,-y,=(a+a,)(b+pB,)=a-b+b-a,+a-B,+a,-B,.
OckinbKku a-b+b-a,+a-p,+a, B, € ereMeHTaMH HECKIHYEHHO MAJIOI
nociigoprocti {a-b+b-a,+a-B,+a,-B,}, 1o lim(x,-y,)=a-b.
n—»o0

To6to lim(x,-y,)=limx,-limy,.

n—0 n—0 n—0

3) Xy a_x,b-y,-a =(a+an)-b—(b+,3n)-a _

Yn b Yn'b Yn'b

_ab+b-a,-a-b-a-B, b-ay,—-a-B, 1 b-a,-a-B,
Ynb Ynb Yn b
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. . a :
[TocninoBHicTh {an—g-ﬁn} € HeCKIHYeHHO Manor. Ilokaxkemo, 1m0

. . 1 . ) . b
MOCTiIOBHICTD § — ¢ oOMmexeHa. Ockiibku lim y,=b 1 b#0, 1o 11 € = U
V. n—oo

i

59

ICHYE

Takuii HoMmep N, 1o 17 BCiX 7> N BHUKOHY€ETHCS HEPIBHICTb

yn—b‘<

>‘b‘—g:g, TO6TO

omke, |y,|=|b-b+y, :‘b—(b+yn)‘2‘b‘—‘b—yn >g, a

Y

: : . : 1
TOMy |—|<— g Bcix #n>N. 3BIICH BHUIUIMBAE, IO MOCIIAOBHICTH §—

2
v |p] Y,
oOMeJKeHa.

. : a .
TakuM YMHOM, IOCH1JOBHICTh {an 3 ﬁn} HECKIHUEHHO MaJia, a TOMY

.| x a
Iim| 2 |=— ,
now| g b
TOOTO
limx,
: e :
hm—":i*_—, ae limy #0.
n—w 1m n—0
Yu Y,

3ayBa:kenHsi. [lyHkT 1) HaBejeHOi TeopeMH JOMYyCKa€e y3arajllbHEHHS Ha
JOBUIbHE CKIHYEHHE 4YMClIO JNoAaHKiB. [IyHKT 2) - Ha JOBUIbHE CKIHUEHHE YHUCIIO
MHOXHUKIB. [3 MyHKTY 2) BUIUIMBAE, 10 MOCTIMHUN MHOXHUK MOXHA BUHOCHUTH 3a
3HaK rpaHulli, TOOTO

lim(C-x,)=1imC-limx, =C-limx, .

n—0 n—»0 n—0 n—0
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8.6.7 HeBu3Ha4eHi BUpa3u.

Hexaif llmx, =0 i1 limy, =0. Bunukae nuraHHsd, 1m0 MOXHA CKa3aTH IIPO

n—0 n—0

xn

rpaHuio  lim

n—0 y
n

NOBEIIHKM 3MIHHMX X, Ta ), MOXE IpHUIMaTu pi3HI 3HaueHHs abo B3arajal He

? BusBnseTbcs, M0 LA TPAHMIS  3AJI€KHO Bl OKPEMOIO 3aKOHY

ICHYBaTH.

Mpuxnanu.
1
1. 1 . AR |
1. Skmo x, =— 1 y, =—, 10 lim~2 =lim 2 =1lim—=0.
n n n—0 yn n—»o0 1 n—)oon
n
1
1. 1 X, ..
2. 8kmo x,=—1 y,=—, 70 lim—"*=lim—==limn = +c0.
n n n—0 yn n—»0 1 n—»0
n*
<
c . 1 X, . .
3. 8kmo x, =—1i y,=—, 10 lim~2 =limZ =limc=c.
n n n—0 yn n—)ool n—>0
n

4. SIxmo x, = (=) 1y, :l, To 22 =(-1)" Ta lim Y e ICHYE.
n n y n—0 yn

OTxe, nuie 3HAaYEHHS TPaHUILb YHUCIOBHUX MOCIIIOBHOCTEH {xn}, { yn} HE

JI03BOJISIE Y PO3TJISTHYTOMY BUIIE BUIAJIKy pPOOUTH BUCHOBKHU PO 3HAYEHHS TpaHUIIl
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ix BimHoeHHs. [ Toro, mo6 cxapakTepu3yBaTH 1[I0 0COOJIUBICTh, TOBOPATH, IO 3a

: oo X .
J— P n
ymoBu limx =0 i limy =0 Bupa3 —- € HEBU3HAYEHICTIO TUITY 0

n—>0 n—>0 y
n
AHaNOriYHO HEBU3HAYCHUMH BUPA3aAMH €

n

: . x :
a) y Bunagky limx =t 1 limy =z1oo Bupa3 —- € HEBU3HAUEHICTIO THUIY
n—>0 n—>0 y
n

818

0) y BUIaaxy lgxn =0 1limy =zc0 Bupa3 X, -y, € HEBU3HAUCHICTIO THUILY

n—0

0-00;

B) y BUnaaky limx =400 Ta limy =400 BHpa3 x, — )y, € HEBU3HAYEHICTIO
Nn—>00 n—>0
THUITy 00— 00,
X 00
JI7s1 BU3HAYEHHS FPaHUIb HEBU3HAYEHUX BUpa3iB —- THUILy — 4YacTO MOXKE
Y ©

3actocoByBaTHcs TeopeMa LllTonbna, sky Mu HaBeieMo 0€3 JOBEICHHS

Teopema. fIxmio nocminoBHOCTI X, ,y, TaKi, MO

1) mouKHaKOYM 3 JEIKOrO HOMEpPA 1 Vo>V
2) limy =o0;
) n—)ooyn ’
. . X —X
3) icaye lim———L =g,
o yn - yn—l
TO Iim—2t=a.
n—»0 yn
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8.7 OcHoOBHI BJIaCTUBOCTI HenepepBHUX PYHKIIH

Teopema BbonbuaHo-Kowi (tTeopema npo neperBopeHHA ¢YHKLUii B Hy/b).
Hexait ¢pyHKuia f(x) HenepepBHa Ha BiApisKy [a,b] i Ha iOro KiHUAX 3HAaYEHHS

dYHKUi MatoTb pisHi 3Haku. Togi icHye Touka C e(a,b) Taka, wo f(C)=0.
flosepeHHa. Hexait ans susHauewocti  f(a)<0, f(b)>0. Posginumo

. . b-
BiAPi3oK [a,b] HaBnin. Akuwo f(Ta]:O, TO Teopema foBedeHa. FAKLLO

b
f( Za];éol To BMGEPEMO Ty NONOBUHY BiApPi3Ka [a,b], Ha KiHUAX AKOI GYHKLA

f(x) mae 3HaueHHs pisHUX 3HaKiB, | nosHauumo il [a,b ], f(a)<0; f(b)>0.

. . . b, —
Posginumo BiapisokK |a,, b | Hasnin. Akwo L Bl 0, To Teopema goBeaeHa, B
1 1 2

iHWoMy BMNaaKy Bubepemo Ty NONOBUHY BiApi3Ka [al,bl], Ha KiHUAX AKOI QyHKLUiA
f(x) mae 3HaYeHHA Pi3HNX 3HaKiB, Ta MO3HaYMMO ii
[a,,0,], f(a,)<0, f(b,)>0. AKWo ueit Npouec NPOAOBKYBaTU HEOBMEKEHO,
T0 ab0 Ha AKOMYyCb k-OMy Kpoui 3HaueHHA GyHKLUii B cepeduHi Biapiska [a,, b, ]

byae piBHMM HyA | ToAai Teopema AoBefieHa, abo OAep*KMMO MNOCNiAO0BHICTb
BK/1a4eHUX Bigpi3KiB

[a, b] - [al, bl] D..D [an,bn] Dy

b—a . . o
Takux, wo b, —a, :7—>O MPN 71— 00 i Ha KiHUAX KOXHOTO 3 BiApisKie [a,,b, ]
dyHKuia £ (x) mae 3HaueHHs pisHnx sHakis, f(a,)<0; f(b,)>0.

3a Teopemoto NpPo BKAAAEHI Bigpi3ku icHye Touka C, AKa HANeXnTb KOXKHOMY
i3 sigpiskis [a,,b,] i lima, =limb, =C. YpaxoByioun HenepepsHICTb GyHKLi

n—0 n—0

f(x) (3okpema B Touui C), maemo f(C)=limf(a,)<0; f(C)=limf(b,)=0.

n—0 n—x0
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3siacv ogepyemo f(C)=0.

DOpyra Teopema bonbuaHo-Kowi (Teopema npo npomixkHe 3HaUeHHA). Hexal
dyHKuia  f(x) HenepepsHa Ha Biapi3ky [a,b] i Ha KiHUAX UbOTO BiApi3Ka Npuiimae
sHaueHHa f(a)=A4, [(b)=B, ne A#B.Toai ana 6yap-akoro umcna C € (4, B)
icHye Touka ¢ €(a, b) Taka, wo f(c)=C.

poBepeHHA. Hexan ana Bu3HaveHocTi A< B. Po3rnAaHemo [A0NOMIKHY
bYHKLUtO

@(x)=C— f(x). Ua dyHKuUia HenepepBHa Ha Biapi3ky [a,b] |

o(a)=C—f(a)=C-4>0, p(b)=C— f(b)=C—B<0.

3a nepuwoto Teopemoto BonbuaHo-Kowi icHye Touka ¢ €(a,b) TaKka, wo ¢(c)=0.
Ane ¢(c)=C— f(c).Omke, C— f(c)=0,T06T0 f(c)=C.

Mepwa Teopema Beiiepwrpacca. SAKwo dyHKuUiA  f(x) HenepepsHa Ha

BiApPi3Ky [a, b], TO BOHa 0bMeXKeHa Ha LboMy Biapi3Ky.

AosepeHHa. Hexait dyHkuia  f(x) HenepepsHa Ha Bigpisky  [a,b].
MpunycTumo, Wo BoHa Ha BiApiKy [a,b] He obmexeHa. Moainnmo BiapisoK [a, b]
nononam i Bubepemo Ty MOro 4actuHy, ge yHKUiA f(x) He obmerKeHa.
MosHaummo i [a,, b |. Biapisok [a,, b | Takox noainumo nononam i suGepemo Ty
MOro 4actumHy, ge OyHkuUiA f(x) He obmexeHa. [Mo3HauYMmo BMOpPaHY MONOBUHY
[a,,b,]. Mpoposkyloun HeobBmexeHO Ue Npouec, OAePKMMO MOCAILOBHICTL

BK/Ia4EeHUX Bigpi3KiB

[a, b] D [al, bl] D..D [an,bn] Dy
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—-a L
Takux, Wwo b —a, =7—>0 npu n—>co. 32 TEOPEMOIO NPO BKAALEHI BiAPI3KK

icHye Touka C, AKa HaNeXnTb KOXHOMY i3 Hux i lima, =limb, = C. 3a 03HaYeHHAM

n—0 n—0

rpaHuui nocnigoBHOCTI Ana byab-AKoro uncna ¢ >0 icHye Takuih Homep N, Wo npu
n>N,

an—c‘<8; 3 iHworo 60Ky, icHye Takuh Homep N,, wWo npwu

n>N,

b,—c|<&. Hexait N =max{N,N,}. Togi npu n>N BUKOHYIOTbCS
HepiBHOCTI: ¢—¢<a,<c+e&, c—g<b <c+e , To6TO BCi BigpiskM [a,.b,], ne
n>N nonagalote B iHTepBan (c—&,c+¢). Takum unHom, dyHkuia f(x) He
obmekeHa B AEeAKOMY &-OKOJi TOYKU c¢. Ane Le HEMOXKIMBO, OCKINbKU YHKLA
f(x) HenepepsHa Ha 8iapisky [a,b], a 3HaunTb, HenepepsHa i B Touwi c€(a,b),
TOOTO B TOUL,i ¢ iCHYE CKiHY4EeHHa rpaHmua GyHKuii f(x), a TOMY B OKOAI L€l TOYKMN

BOHa obmeKeHa.

[pyra Teopema Beiiepwrpacca. fKwo ¢yHKuiA f(Xx) HenepepsHa Ha
Bigpi3Ky [a, b], TO BOHa [AOCAra€E Ha UbOMY BiAPiI3KYy CBOIX TOYHUX MeX, TOO6TO

iICHYIOTb TaKi TOYKMU X, X, €|a,b|, Wo
1 2

£(5)=sup £ (5). f(5)=inf 1 (x).

AosepeHHa. Hexait ¢yHkuja f(x) HenepepsHa Ha Biapisky [a,b]. 3a
nepwoto Teopemoto Beltepwrpacca yHKuia f(x) Ha Bigpisky [a,b] obmesxeHa.

OT)Ke, BOHA MA€E TOYHY BEPXHIO MEXKY supf(x):M i TOYHY HUXKHIO Mexy
[.5]

%nbf]f(x):m. Mokaxemo, wWo icHye Touka x, €[a,b] Taka, wo f(x)=M.

MpunycTumo, wWwo B oAHii Touui Biapiska [a,b] dyHkuia f(x) He npuitmae

3HaueHHsA, piBHoro M, To6To Ansa Beix Todok x€a,b]  f(x)<M . Cknapemo

LOMOMiXKHY dYHKUjto F(x)= . La dyHKuia Ha Biapi3ky [a, b] HenepepsHa,

o
M~ f(x)
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a Tomy obmexeHa. OTwe, iCHye uMCnO 4 Take, WO AAA BCiXx x€|a,b]

F(x):mﬁu.

1 1
I3 uiei HepisHocTi maemo: f(x) =M ——. Takum unHom, M —— — BepxHs
u 7

mexa dyHKUii f(x) Ha Bigpisky [a,b]. Ane ue cynepeunts Tomy, wo uncno M -
TOYHA BEpPXHA MeXa Ui€i PYHKLIi Ha Bigpi3Ky [a, b]. 3Biacu BuNAmMBae, Wo 3pobneHe

NPUNYLWEHHA HENPaBUIbHE, TOOTO iCHYE TOYKa X, €|a, b| Taka, wo f(x,)=M .
1 1

[pyra 4yacTuHa Teopemun A0BOAUTLCA AHANONIYHO.

3ayBaKeHHA. TouyHa BepxHA merKa QyHKUii f(x), HenepepBHOI Ha BiApPI3Ky
[a, b], HA3MBAETbCA iT HANBINbLW MM (MaKCUMaNbHMUM) 3HAYEHHAM Ha LbOMY Bigpi3Ky,

a TOYHA HUXKHA MeXa — ii HaMeHWMM (MiHiManbHUM) 3HayYeHHAM. Pi3HMUA

wo=M-m,pe M= r[nag]if(x), m= I[nibr]lf(x), Ha3MBAETLCA KOAMBAHHAM GYHKL,i

Ha BigpisKy [a, b].
Teopema boabunano-Beiepmrpacca

Teopema. I3 Gyab-sikoi 0OMExKeHOi MOCIiZOBHOCTI {x,} MOXHA BHALIATH

301KHY MIAMOCTIOBHICTD.

Josenennsa. Hexall mociigoBHICTh {xn} obMekeHa, TOOTO ICHye Takui
BIAIPI30K [a,b], IO JUIA BCIX X, BUKOHYETBhCS HepiBHICTE a, <x, <b . Iloxinumo
BIIPI30K [a,b] nonoyiam. Toni mpuHaliMHI B OJHIA TMOJOBHUHI OyJe MICTUTHUCS
HECKIHYEHHA MHOKHMHA €JIEMEHTIB MOCI1JOBHOCTI {xn}. [To3HAYMMO 1110 TTOJIOBUHY
[al,bl]. [Moginumo Ttemep BIAPI30K [al,bl] Ha JBa PIBHUX BIIPI3KH 1 3HOBY

BUOEpEMO TOW 13 HHUX, Yy SKOMY MICTUTbCA HECKIHUYEHHa MHOXXHHA €JIEMEHTIB
nociigoprocti  {x,}. IosHaummo ¥oro [a,,b,]. Tlpomomxkyroun weil mporiec,

JICTaHEMO TMOCIJOBHICTh YKJIaJACHUX BIIPI3KIB
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[a,b] - [al,bl] - [az,bz] D..D [an,bn] Doy

y SIKUX IOBXKHMHA 1 -TO BiApI3Ka b —a, = NpsAMYE 10 HyJIS Ipu 1 —> o0. OTxe,

3a TEOpPEMOIO Mpo BKIajAeHi Biapizku limb, =lima, =C.

n—0 n—0

[To6y 0By HiAMOCTiAOBHOCTI {xnk} MOCIINOBHOCTI {X,} BHKOHAEMO Tak: y
3HAYEHH1 X, BHOEpPEMO JOBUIBHUN €JIEMEHT 13 {xn}, SAKUWA HaJeXKUTh BIAPI3KY
[al,bl], y 3HAYCHHI X, — JIOBUIBHHii €IICMEHT I3 {xn} , KOTpUI HaJeXKUTh BIJIPI3KY

[az,bz] 1 T. A. Ockinbky 11 BUOPAaHMX TaKMM 4YHMHOM €JIEMEHTIB BHUKOHYETHCSA

HepiBHICTh a, <x, <D, To3aTeopemoro 2.7 limx, =C.

koo &

8.7.1 Kpwurepiit Komui 30i2kH0CTI YMCJI0BOI MOCJIITOBHOCTI.

O3HaueHHS TPAaHMIll YUCIOBOI MOCITOBHOCTI HE Ja€ 3MOTH BCTAHOBIIOBATH
301KHICTH UM PO30DKHICTh YHCIOBOI MOCTIOBHOCTI, SKIIO HE 3aJaHO 3HAYEHHS caMoi
rpanuill. BoHo nuilie ga€ MOXIUBICTh MEPEBIPSITH, YA € YUCIO g TPAHUIECIO AaHOT
MOCHIAOBHOCT], 4M HI. OTXe, BUHHUKAE HEOOXINHICTh y HAsBHOCTI KPUTEPIIO
301)KHOCTI YMCJIOBOi IOCHIZIOBHOCTI, Y SKOMYy O caMe 3Ha4yeHHS TpaHuIl OyJo
BIICYTHE, TOOTO 100 1l KpuTepid BUSBUB "BHYTPINIHIO" CTPYKTYpy 30DLKHOT
nociiioBHOCTI. Takuii KpuTepiii OyB YCTaHOBJIEHUH YECHKMM MaTE€MaTUKOM
bonbnano i1 ppanny3skum marematukoM Ko, Huni BiH Mae Ha3By kputepito Komri.

Teopema. [lns Toro, mo0 4YHCIOBa MOCIIIOBHICTh {xn} Oyna 301KHOIO,

HEOOX1/THO 1 JOCTaTHBO, 1100 17151 Oyab-skoro unucna & >0 icHyBaB Homep N Takwii,
110 HEPIBHICTH

|x, —x,|<e (7)

BUKOHYBajacs O JIsl BCiX m,n, K1 OJTHOYACHO 33/I0BOJILHAIOTh YMOBY m > N,n> N .
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Hosenennsi. HeoOxignicts. Hexail mocaigoBHICT {xn} 30ikHa 1 limx, =a.

n—0

3agamo noBUIbHE YKMCiO & > (). 32 03HAUEHHSIM paHUlll ICHY€ Takuil Homep N, 110

xn—a‘<§ (8)

U1st BCiX n> N . 3po3ymMuio, M0 KO m > N, TO JIJIsl BCIX TaKUX 7 HEPIBHICTS (8)
BUKOHY€eThCs. OTxke, Hexalt m > N,n> N . Toxi

=‘(xm —a)+(a—xn)‘é‘xm —a‘+‘a—xn

‘xm - X

n

=|x, —a|+ xn—a\<£+£<e.
2 2

HeoOxigHicTh TOBEIEHO.

Hocratnicte. Hexalh nnsa Oyab-sikoro & >0 icHye HOmMep N, Takui, 110

‘xm —X,|<& nusA BCIX n,m, SIKI OJHOYACHO 3aJ0BOJIBHAKOTH YMOBY m > N,n> N .
JloBezieMo, 10 IpH LbOMY IOCIiZOBHIiCTh {x,} 36bkma. Hexail samanomy & >0

BiIMOB1Ia€ HOMEP N, ISl IKOTO BUKOHY€ETHCSI HEPIBHICTD (7) aiist BCix m > N,n> N .

3adikcyemo oaHe 13 3HaueHb n > N . Toai 32 yMoBOIO (7) BUKOHYIOTHCS HEPIBHOCTI

xn+1 _xn‘ < 8,‘xn+2 - xn‘ < 8,---’ xn+e - xn‘ < g’cc.’

TOOTO BCl WIEHHM MOCHIOBHOCTI, NMOYMHAIOYU 3 X,y 1, 3HAXOAATHCA B & — OKOJI1
(hiKCOBaHOI TOUKHU X, . 3BIICH BUIUIMBAE, 1110 MOCIIIOBHICTh {xn} obmexena. OTxe,
3rifHo 3 Teopemoio bonbrano-Beitepuirpacca, 13 Hei MOXHa BUIUIUTUA 30DKHY

OIIIOCIIIOBHICTE {x . Hexan limx =C. Tomi C € TakoX TIPaHULEIO
Ny

koo &

IMOCJIIIOBHOCTI {xn}. Hiticho, k MoxHa BHUOpaTH HACTUIBKM BEJIHUKUM, II100
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OJTHOYACHO BHKOHYBaJIUCH HepiBHOCTI |x, —C|<&,n, > N. Toxal, NOKIABIIN m = n
ny >k ko

MaTUMEMO ‘xm - C‘ <egl ‘xm —xn‘ < & . 3BIACH OJEPKYEMO

xn—C‘:‘(xn—xm)+(xm—C)‘S‘xn—xm‘ﬂxm—C‘<8+8<2-8

ans Beix n > N . A ne o3Hauae, mo limx =C.
k—>00

[TocninoBHICTH {xn} HA3MBA€TbCA (PYHIAMEHTAIBHOK a00 MOCIIIOBHICTIO
Ko, sikimo s Oyab-sikoro yucia € >0 icHye Homep N Takwuid, o IS BCIX m,7,

KOTpl OJAHOYACHO 3a/J0BOJBHSAIOTH YMOBY m > N,n> N, BUKOHYETbCS HEPIBHICTb

x, —x,|<é&.
Teopema npo rpaHuui GyHKLiIN
Teopema. AKWO PyHKLIA f(x) Ma€ rPaHNLO B TOYL X,, TO LA rpaHMLA
€ANHA.

8.8 IlousTTsl piBHOMiIPpHOI HenepepBHOCTI yHKILL.

Hexali ¢pyrHruia f(x) HenepepeHa Ha deskomy npomiiky X . Bubepemo
008inbHYy Moyky x, € X . To0i 30 03HAYEHHAM HernepepeHocmi yHKYii 8 moyuyi x,

0214 0o8inbHo20 4Yucna & <0 3Halidemoeca uyucno 6 >0 make, wo HepigHicMb
‘f(x)—f(xo)‘<g BUKOHY8aMuUMemMbCa 0418 6CiX X, WO 300080/bHAIOMb YMOBY

‘x—x0‘<5.

3po3yMmino, WO YMCNo & 3aNexuTb AK Big uncna &, Tak i Big, x, (AMB. puc.
10).
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yA

f(xo)
f(xo)-¢ —

Xy

Puc. 10

BMHWKA€E NUTAHHA, UM iICHYIOTb HEeNepepBHi GYHKLi, BU3HAYEHI Ha NEBHUX
NPOMiXKax, TaKi, Wwo ans byab-akoro uncna ¢ >0 3Haxogmnoca 6 6 >0,
He3anexHe Bif x,, T0670, W06 & 6yno EANHUM ANA JOBINLHOMO 3HAYEHHA X, i3

NPOMIXKKY BU3HAYEHHA QYHKLT f(x) (3anexHe nuwe Big &) i TakMm, WO
HepigHicTb |f (x)— £ (x,)| < & BuKoHyBanacs 6 3a ymosu |x—x,|< 5.

Po3B'A3aHHA LbOro NUTaHHA NPUBOAUTL A0 NOHATTA PiIBHOMIPHOI
HenepepBHOCTI PyHKL,ii.

O3sHaueHHA. PyHKuiA f'(X) Ha3MBaETbCA PIBHOMIPHO HENEepPepBHOIO Ha

npomixky X , akwo ana byab-akoro uncna ¢ >0 icHye o >0 Take, wo ans

AOBIZIBHMX TOYOK X, X, € X , AKi 33,0BO/IbHAIOTb YMOBY ‘x —xo‘ <0, BUKOHYETbCS

HepiBHICTb ‘f(x)—f(xo)‘ <eg.
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8.9 InTerpyBaHHsi ippaunioHaJIbHHUX (PYHKUIH

InTerpan Bim ippamioHanbHOi (YHKIII HE 3aBXKIU OOUYUCIIOETHCA B
CKiHueHHOMY Bursial. IIpore neski TUMM TakWX I1HTErpaliiB 3a JIOMOMOTOIO
MEBHUX IM1ICTAHOBOK MO>KHA 3BECTH JI0 IHTETPaIiB BiJl palliOHATbHUX (PYHKITIH.

ITo3rauumo R(ul,uz,..., un) pamioHanbHy  (QYHKIIIO Big  3MIHHUX

1 +«/x—2+2§/;
xX+2 m

Uy, Uy, .., u,. Hanpukman, ¢QyHkuisa f(x)=

palioOHANTBHOIO BI X, /X —2, %/;, Y3x+5, T06TO

f(x)=R(x, Vvx-=2, %, 4x/3x+5).

mi mp

ax+b\n ax+b\n,
[nTerpanu Bumgy IR X, L P ldx,
cx+d cx+d
ne m;,n;>1, i=1,2,..,p — HarypaibHl 4ucna, a,b,c,d — niiicHl 4wucna,
a b ) ax+b
npuyomMy — # — (y IHILIOMY BHUMAJIKy — CTaJIa BEJIMYMHA) OOYHCIIOETHCS
c d cx+d
3a JIOIOMOT'OX0 BBEJICHHS HOBOI 3MIHHOT
ax+b £
cx+d ’

. o . m; .
ne k — criTbHUi 3HAMeHHHK aApo0iB —-, i=1,2,..,p .

n;
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1+x dx

Hpuxaan 1. O6uuciuTu I " n :
-x1-x

, . 1+x
Po3B’si3yBanHs. 3p0OMMO MiJICTAHOBKY £ = 1ox Onepxumo

1 2 21 4
2=i’ 1—x= . ’ x=t2  dx= tdt
1-x " +1 t"+1 (,2+1)z
Jlam maemo

de
2 +1

1+x dx 2 dt 2 +1-1
=== =2

Tilox T R dt=2jdt—2j

il 1
=2t—-2arctgt+C=2 ﬂ—2arctg ﬂ+C.
1-x 1-x

Hpuxaan 2. O0uncauTu I d

x
Vx+3x
Po3B’s13yBaHHS.

t=%x,x=1°

dx B

¢ 62°dt

o 6t7dt
£+

B t+1_

dx = 61> dt

J- dx =J- _
ol Y
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3 2
=6(j@2+t+1yn-—fi)=6 Ll vt—mle+1||+C=
t+1) |3 2

=2Jx-3Yx+6Yx—6mm(Yx+1)+C.

[nTerpanu Bugy IR (x, \/ ax* + bx + c) dx 3BOIATHCS 1O IHTErpaiiB Bijl
panioHanbHUX (QYHKIIIN 3a JOMOMOTOIO MiJIcTaHOBOK Eitnepa.

Sxmo a >0, To BBOOAUTHCI HOBA 3MIHHA [ :

\/ax2+bx+c=ix/;x+t,

7ie 3HaK1 MOKHA Opatu y Oyab-gK1i OCI1JOBHOCTI.

Skmo y TpuuieHi ax? +bx +c a<0, ¢>0, To MOXXHa BUKOPHUCTATH

HIILY TIJCTAaHOBKY

\/ax2+bx+c=xti«/z.

Y Bumnaaky koiim  a <0 i TpUWIeH Mae€ JiicHI pi3HI KOopeHi o U [3, To

BHUKOPHUCTOBYETLCA HiI[CTaHOBKa

«/ax2+bx+c=(x—oc)t

abo
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\/ax2+bx+c=(x—B)t.

3a3HaunMo, IO MiFCTaHOBKK Filnepa yacTo MpuBOJSATH A0 JOCUThH CKIAAHUX
panioHadbHUX (DYHKIIINA, a TOMY Ha MPAKTHUIll IPU OOYKMCIICHH] IHTETPAIIB ILOTO TUITY
KOPHUCTYIOTHCSI TPOCTIIIMMU METOJIAMH.

5. 3aBaaHH AJ1s1 NPAKTHHUX 3aHATh 3 MATEMATHYHOI 0 aHAJII3y

5.1. 3aBaaHHs AJIM NPAKTHHUX 3aHATH 10 T€Mi rPAaHUIS YUCJIOBOI
MOCJIiIOBHOCTI

1. Onuinite reOMETPUYHUN 3MICT YUCIa ‘x — y‘ :

CKibKY 1ppaIliOHaTFHUX YACETT HAJIeKAaTh MHOKUHI 4 = {x:|x+ 2[< V3 }?
Bxaxith 1Ba ippailioOHAIbHUX YKciia, TOOYTOK SIKUX € PaI[lOHATLHUM YUCIIOM.
Po3B’skiTh HepiBHICTh 1< (x —1)° < 4.

3sicyiiTe, YM ICHY€e HalMEHIIE palliOHaJIbHE YUCIIO, siKe € OutbinM 3a 0,2 .
JloBeiTh HEPIBHICTH ‘1 — Sx‘ < ‘2x — 1‘ + ‘x‘ )

AL

3HAUIITh TOYHY BEPXHIO 1 TOYHY HIKHIO MEKI MHOXHWHHU MEPUMETPIB BCIX
1 . .
npaBuwiIbHUX 2" -KyTHHKIB, 72 €[] ,0IMCaHUX HABKOJIO Kpyra paaiyca R.

8. 3’scyiiTe, un MHOXHHAa :{Z(—l)k :neD} € 0oOMexeHO0. 3HaiiTh
k=1

supH Ta inf H 13’scyiite, un max H =sup H 1 inf H =min H .

. sink
9. 3’scyirte, yu 0OMeXeHOIO0 B [] € MHOXKUHA 4 = {Z —:nell }
k=0

()

n

10. 3HaiaiTe min A, inf A, max A4 isupd, akmo 4=<1+ ‘nell
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11.
12.

13.

14.
15.

16.

17.
18.
19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
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3uanigite min A4, inf 4, max 4 1isupA, akmo A= {x ell :‘x—2‘ < 1} N .
Hapenite npuknan BiakpuToi MHOXUHU FE €[], ska Mae HaiimeHIIun
€JIEMEHT.

BKaxiTh MHOXKMHY, 3ByXKeHHA Ha sky OyHkumii f(x)=x"+2x-3 ¢
000pOTHOIO (QYHKIIIETO.

JloBenits, mo MHOKUHU H| = (0;+00) 1 H, = (—0;+00) € eKBIBAJIEHTHUMH.
MHOXU1Ha BCiX palliOHAIbBHUX YKCEI € 3J11Y€HHO0. J[OBEAITh 1€ TBEPIKEHHS.

: . . . : 7
HaBeI[ITb IMpuKJIag HE3JITYCHHO1 MHOKHWHHU, SIKa MICTUTLCA Y IIPOMUKKY (1,5

CdopmymroiiTe 03HaUEHHS TPaHUIIl MOC1JOBHOCTI.

Hagenits npukiiag 0oOMexeHoi po301KHOT OCITI0BHOCTI.

Hapenith mnpukian oOMEXEeHOT MOCHIAOBHOCTI, SKa Ma€ TPU YACTKOBI
TpaHUII].

Hagenite npuknan po30ikxHux B [J mocmigoBHOCTEM (x,) 1 (y,), M SKHX
HOCIIAOBHICTB (X, + ), ) € 30DKHOIO.

lim4/n =1. JloBeniTh 11e TBEPAKEHHS.

n—>0

n—»0

. 1. .
I'panung lim| 1+— | icHye . JloBeaiTh 11e TBEPIKEHHS.
n
3aBepIliTh HAIUCAHHS PIBHOCTI lim%/n = i oOrpyHTYHTE ii.
n—>o0

3aBepmIiTh HanMCcaHHA piBHOCTI limi/n® =

n—»0

n
3aBepuIiTh HaMMCaHHS PIBHOCTI 11m( 3 j =.
+3n

n—»0

Bigomo, mo limx, =a, lmy =b 1 (3n,)(Vrn=n,):x, <y, . Un MoxHa
n—>0

n—0
cTBepmKyBaty, mo: 1) a<b;2) a<b;3) a=b?
B Oynb-siIkoMy & -OKOJI1 TOUKM @ MICTUTHCS HECKIHUEHHA KIJIBKICTh YJICHIB
nociioBHOCTI (x,) . U MoXkHa cTBepAXKyBaty, o limx, =a?

n—0

Binomo, mo limx, =a. 3naiaire lim(x, ,, +x, ).
—>0

n—>0 n

Hasenite MIPUKJIIA]] IMOCJIITOBHOCTI (x,), IS SIKOT
0 N .

(Ve>0)3n e )(Vnzn):x <c¢.

30BHI JEAKOr0 & -OKOJa TOYKHM 2 JIEKHUTh OJUH WIEH MOCIIIOBHOCTI (X, ).

Yu € nocninoBHICTH (X, ) : a) 301HO0; 0) 0OMEKEHOI0?

HaBenite mpuxiag HEMOHOTOHHOI NOCHIAOBHOCTI  (x,), MAId  SIKOI

@nel):ix, <x,,,.

HageniTe mnpukiaa JOBOX HECNAaJHUX MOCIIAOBHOCTEH, AOOYTOK SKUX €

CITAIHOIO MOCIIIOBHICTIO.
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33.

34.

35.
36.

37.

38.

39.

40.

41

42.

43.

44,

45.

46.

47.

48.

. 3HaNIITh TPAHULIIO limz
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X

n

)

Bigomo, 1o nociigoBHICTb (‘xn‘) € 301kHOM0 1 Mae rpanuno a. o moxHa

Ko 301KHOKO € MOCHITOBHICTD (X,), TO 301KHOIO € 1 IIOCIIJOBHICTb (

JIoBeITh 1€ TBEPIKSHHS.

CKa3aTU Ipo 301KHICTh NOCIIIOBHOCTI (X, ) ?

CdopmymroiiTe 1 10BEAITh TEOPEMY MPO TPAHUIIO CYMHU MOCTITOBHOCTEH.
ChopmymroiiTe 1 IOBEAITH TEOPEMY PO ICHYBaHHS TpaHUIl MOHOTOHHOL

MOCI1TOBHOCTI.

2
n

lim— =0. JloBeaiTh 11 TBEPIKEHHS.
e pl
2

. n :
lim— =0. JloBenith 1€ TBEPIKEHHS.

n—wo )
BkaxiTh TI 4iI€HHM MOCHIITOBHOCTI (X, ), SIKI HajJeXaTb & -OKONy TOYKH a,
AKILO x,=1-1/n,e=1 1a=1.

4
. . . oANn +2
3HaiaiTh rpaHuifio lim -
n>o 1+ 3n
4 1

o b= (4f —1)(4k +3)

n

sz—l

3HaiiniTe rpanmIo lim A——

no® k-1 '
2
Sk

oo : k=1
3HaWaITh TPaHUIlo lim >
n>0 ) +4pn

n—w 4"

. (2 +1J"
3HaWaITh TpaHULIo lim .

P n+5
. . [ n"+1
3HanAITh TPAHUITO lim| — .
n—>0 n J— 1

2 . . 2
3HaNWAITh TPAHUIlO lim niosn + (n+l) —(n-1) )
n—o| p”+1] 3n+1

n n 3 . . 3
3HaNWAITh TPAHUIlO lim 2 +3 + 2n+1) 5 (2n-1) )
n—o| 3% 2" 6n° +6n

. . . ([ nsinn!
3HaiaiTh rpanuIo lim| — " +n+1-—+/ nj )
n—>o\ pt o+
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(—1)"2" +3

arctgn | € 0OMeXeHOIO.
2" +1

49. 3’sicyiiTe, 4d MOCTIOBHICTD (

n

. . . cosk
50. 3’scyiTe, YU MOCI1I0BHICTh Z € 00MEXEeHOIO.

~s5t 1k

51. Bizomo, 10 MOCJIITOBHICTh (x,) 3aJ10BOJIBHSIE YMOBY
(Ve>0)3n el )Vnxn)(Vm=n'): ‘xn — xm‘ <¢. Illlo MoxxHa ckazaTu Tpo
30DKHICTB MOCIITOBHOCTI (X, ) ?

n

. : cosk . :
52. [locnmigoBHICTL (Z - ) € 300kxHOI0 B [] . JloBeITh 1€ TBEP/I>KEHHSI.
k=1

o - . . . . . . th
53. 3HaI/II[1TI> BC1 4aCTKOB1 I'PaHUIIl IIOCII1IAOBHOCTL X = SII’IT +1.

5.2.1 3aBaaHHd I NPAKTUHUX 3aHATH 110 TeMi rpaHuls QyHKIil

54. BkaxiTh MHOXHMHY (00JaCTh) BHU3HAUEHHS 1 MHOXHUHY 3Ha4€Hb (YHKIII

f(x)=./arctgx.

55. 306pasith rpadix GpyHkuii y =—|x - 2|.

56. 306pasiTh Tpadik byHKIii f(x) = lim(l + fj .
n— n

57. dxkmo f(x)=arcsinx, 0 f([23]) =D, f([0;2])=[0;x /2], f'([3;4]) =
i f'([x/6;7])=[1/2;1]. BKaxiTh IpaBUIbHI TBEPIKEHHS.
58. Byab-sike paliioHasibHe 4Kclio € epiogoM pynkii [ipixie

1, xe(,
Sf(x)=
0, xegQ.
2x° sinl x#0
59. 3naitnite £'(0), sxmo f(x) = x’ ’

0,x=0.
60. oBenite, mo f'(—x)=—f"(x), skmo f(-x)=f(x) 1 ¢yHKOmia [ €
mudepeniiiiioBanoro Ha [ .
61. 3aBepIIiTh HAMMMUCAHHSA PIBHOCTI (1 + v) = 1 00TpyHTYMHTE ii.
62. 3aBepIIiTh HAMMUCAHHA piBHOCTI (x*) = 1 00TpyHTYHTE Ti.
63. 3aBepuIiTh HarucaHHsa GopMyin (e*) = i JOBEITh ii.
64. 3aBepIIiTh HAMUCAHHS piBHOCTI (arctgx)’ = 1 00TpyHTYHTE Ti.
65. 3aBepIIiTh HAMMCAHHS PIBHOCTI (arcsinx) = 1 00IpyHTYMHTE ii.
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67.

68.
69.

70.

71.

72.

73.

74.

75.

76. €

77.

78.

79.
80.
&1.
82.
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Onuinith B3a€MO3B’SI30K MDK ICHYBAaHHSIM MOXIIHOI 1 IU(EpeHIIHOBHICTIO
GbyHKIIi.
Buaiinite d’f(x,), akmo f(x)=xe*, x,=1, dx=0,1.

CdopmymroiiTe 1 noBeaITh Teopemy Jlarpanxa.
3anumite Gopmyny Teinopa 3 mogaTkoBuM uieHoMm y ¢dopmi Jlarpanxka B
touti @ =01 pyaKIii f(x)=e" 1 00TpyHTYMHTE Ti.

: 1 .
[Tonaiite G yHKITIFO f(x)= 2— y BULJISI

f ”(a) f (’”)( )

fx)=fla)+ f(a)(x—a)+——

IKIO a=2, m=3.

Hosenits, mo mast Bcix x e€[—L;1] abcomotrHa moxubka A HaOIUXKEHOI
2

bopmynu e* =1+ x+ %He nepesutnrye 0,1.

(x—a) +..+7—Z(x—a)" +7,(x),

e'—e " =2x
3HaiaITh TPAHMIO lim——— |
=0 x—sinx
x+x’= o(x3 ) , X —>00. Un cripaBeNIMBUM € 11 TBEPKESHHS ?

1

xX+—= (x3 ) , X — 0. Yu crnpaBeIJIUBUM € 1€ TBEPKEHHS?
X
1 3

X+—= O(x ), X —00. Yu cipaBelJIUBUM € 1I€ TBEPKCHHS ?
X

o e i , X —+00., U cupaBeIyTMBUM € I1¢ TBEPKCHHS ?
2+¢e"

i o =0(l), x el . Yu cipaBeNIMBUM € 11 TBEPKCHHS ?
+e
sin x
T3 sin’x =0(l), xel] . Uu cupaBeATUBHUM € 1€ TBEPIKECHHS?
+sin

X’ = 0( ) X —>+00. Yu cnpaBeyIMBUM € LI€ TBEPIKEHHS ?
3’acyitre, un f(2x) 0 f(x), axkmo x >+ 1 f(x)=Inx.
3 acyifte, un f(x)=o0(f(2x)), AKIO X —> 40 i f(x)=e'

xsin x

3HaAWIITh Takl 4uCHa ¢, 1 ¢, Wo e =c,+cx+o(x), x—0.
Hosenite, mo (V¢ >0)(30 >0)(Vx>9): f(x)2cp(x), skmo f(x)=e",

o(x)=x".

5.2.2 3aBaaHHd I NPAKTUHUX 3aHATH 10 TeMi T0CTiTKeHHS QYyHKUIN

&4.

CdopmymroiiTe 03HaU€HHA TOUKU MIHIMYMY QyHKUIL f :[] —[] .
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85. Chopmyinroiite 1 OOIpyHTYWTe HEOOXiJIHI YMOBU €KCTpeMyMmy (YHKIII
0 -0,
86. Un nmnpaBuiIbHE TBEpPJKEHHS: sKIO (QyHKIIL f— 3pocTaroua Ha
BIIKpUTOMY MPOMIKKY (a;b),10 f'(x)>0 mns Beix x € (a;b)?
87. 3HAHITE MPOMIKKH, 3BY)KeHHS Ha sKi QyHKIiT f(x)=x" —4x € 000pPOTHOIO
(GyHKUIEO.
88. 3HAITH MTPOMIKKH MOHOTOHHOCTI QyHKIT f(X)=2—-3x+ X" .
89. 3HAMITE ekcTpeMyMH GyHKIIH f(x) = 6x — x°.
90. JloBeaiTh HEPIBHICTb €* > 1+ x, AKI0X > 0.
. . : 2
91. JloBemiTh HEPIBHICTH SIN X > — X, gkimo 0<x<7w /2.
T
92. losenith HepiBHICTE (1+¢)* <1+, a€[0;1], 1>0.
. o T 1
93. JloBemiTh HepiBHICTH arctgx <————, x>0.
I+x
94. 3HAMIITH TIPOMIKKH OMYKJIOCTi 1 TOUKH meperuny Gyukmii  f(x)=e " +x°.

4
X

95. 3HAUAITh ACUMOTOTH PYHKIIT f(Xx)=——.
4(x—-2)

3x?

96. 3HAWIIT, HAHOUTBIIE 1 HaliMeHIIe 3HadYeHHs (QyHKmii f(x)=

npomikky [—L1].

97. 300pa3iTh cxematuuHo rpadik ¢yskmii f, skmo f(x)>0,  f'(x)>0,
f"(x)>0, nns Beix xell .

98. 3HaiiIiTh HAWOiNBIIEe Ta HaliMeHIIe 3HaYeHHS (yHKI y(x)=3x"+4x’ +1
Ha BiIpi3Ky [—2;1].

99. 3HaliiTh excTpeMymu QyHKIi y(x) =3x" —4x°.

100. 3HalaITh HaNOUIbIIIE Ta HallMeHIIIe 3HA4YCHHSI byHKIi
2 3 :
y(x)=—=x"—=x" ——Ha npomixky[-1;1].
3 2 3
101. 3HalaITh HaWOLIbIIE Ta HaWMEHIEe 3Ha4YeHHs (QYHKII Ha 3aJaHOMY

npomikky y(x)=x"—2x"+3 ma npomixky[l;3].

102. 3HaliniTe Haiibinpme 3HaueHHS GyHKIT  y(x)=2x’ —15x> +36x Ha
npomixkky [0;2] .

103. CKilTbKH TOYOK eKCTpeMyMy Mae QyHKIis y(x) = (x* —4)’ ?

104. CKilbKH TOYOK eKCTpeMyMy Mae QyHKis y(x) = (x° + x)* ?

105. CKilTbKH TOYOK eKCTpeMyMy Ma€e GyHKIis y(x) =3x* —4x> +5 ?

106.  3HalAiTh abcuucy TOYKM mapabonmum y=-x"+8x-3, y fAKid KyTOBHUH

KOeIIIEHT JOTUYHOI JO KPUBOI JOPIBHIOE —6.
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107.  3HalAiTH OpAMHATY TOYKM mMapabomum y=x’+4x-7, y SKid KyTOBHI
KOe(IIIEHT TOTUYHOI 10 KPUBOi TOPIBHIOE 6.
108. PiBHSIHHS MOTHYHOI O KpUBOi y =2x’ —4x—1 Mae Burisg y=8x—19.

3HaiiaiTh adCcUUCy TOYKH JOTHKY.
1009. PiBHSHHS JOTHYHOI A0 KPUBOi y =-x’+5x+4 Ma€ BUIIAI y=3x+5.

3HaNIITh OPAMHATY TOUKH JOTHUKY.
110.  CKUTbKH KPUTUYHHUX TOYOK Ma€e QYHKINSA y =3/x" —17?
111.  3HaWAITh HAMMEHITY KPUTUYHY TOUKY QYHKINT y =4/ x* +9x —10.

112. 3HaiixiTh Hal6LIbIIe 3HAUCHHS [(x)=2"" Ha Bizpi3Ky [0;2].

113.  3Haiifite HaitGinbie 3HauenHs GyHKUil y = x” — 3x |Ha npomixky [0;3].
. . . (Bx—=5)(-25-x)
114, 3HalAiTh TOUKY MiHIMyMY QyHKIIT f(x) = > .
(x+5)
.. . Bx-11)(-7-x)
115. HAAITh TOYKY MIHIMYM HKLIT f(x) = .
5. 3HAHITL TOUKY ymy dymKuit f(x) 1)
116.  3HaWAITh HaliMEHIE I[UIe 3HAa4Ye€HHA a, MNpu SIKOMY (YHKIIS
y=x"+ax’ +x+1 3pocTae Ha BCIH YUCIOBIH OCI.
117. 3HalIITh HAMEHIIE [IJIe 3HAYCHHSI @, MPU SIKOMY QYHKISA y =e™ +ax
3pOCTa€ Ha BC1i YMCIOBIH OCI.
118. 3HalAiTE cyMy mapaMeTpiB a i b, npu SKuX mapabonu y=x" —4x—a i

y=-x"+2x+b MaloTh CIiIbHY JOTHUHY, HapajlelbHy oci abciuc.

119. 3HalaiTh abcuucy TOuku mnepeTtuHy oci OX 3 IOTHYHOIO 10 Trpadika
byHKIIT y=0,5x> +1, SKO0 AOTUYHA MPOXOAWTH depe3 Touky M (—1;-3) i1
Ma€e oAaTHUN KyTOBUM KOE(DIIIEHT.

5.2.3 3aBaaHHd 1 NPAKTUHUX 3aHATH 110 TeMi HeBU3HAYCHUH IHTErpaJ

120. CdopmymroiiTe 03HAUEHHS MEPBICHOI 1 HEBU3HAYEHOT'O 1HTErpaa.
121. BHaimiTh | xv/1— x>dx.
o - X
122. 3HANIITH > dx .
‘1+x
.. dx
123. SHaNIITh -
Yx"+3x+3
e . dx
124, 3HaNIITh )
T(x+1)(x+2)
.. dx
125. 3HaNIITh S R —
*x"+4x+3

193



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

e . [ X
126. 3HalaiTh | — dx .
Yx +1
127. 3HanuAITh | xsin xdx .
128. 3HanaiTh | xIn xdx .
.. ¢ dx
129. 3HaNIITh )
I 1+x
130. 3HANIITH xe&dx.
131. 3HaimiTh | cos? xdx.
132. 3HaimiTh | sin® xdx.
133, 3uaiigiTs | ctg’ 2xdx.
134.  JloBeniTh J xf'(x)dx = xf(x) — F(x)+ C, axmo pyHKIis f Mae MoXimHy i

NEPBICHY [ Ha MPOMIKKY A, IO PO3IJIJAETHCS.
135. Buxonsun 3 03HaquH;1 nepBiCHo'i 1 HEBU3HAYEHOTO

Va' —x°
136. CdopmymroiiTe 03HAaUEHHS BUBHAUYEHOTO 1HTErpasa (inrerpana Pimana).
137. Axmo ¢yukuis  f :[a;b]—> € iHTerpoBaHoro 3a PimaHom Ha
MpOMIXKY [a;b], ToO BoHa € oOMekeHOIo Ha [a;b]. JloBeiTh 11e TBEpIKEHHH.
138.  SMxmo a<b, dynkmis f:[a;b]—>[] € inTerpoBaHoro 3a PimanoMm Ha

IHTErpaty,

MOKaXITh, 110 J dx = arcsm +C xe(-a,a), a>0.

npoMikky [a;b] 1 f(x)>0 mns Beix x €[a;b], To J f(x)dx>0. JloBeniTs 118

TBCPKCHHA.

KoHTpoAnbHI 3aBAaHHA NO Temi Aimitn

Buaumu nimimu:

lim(O.Sx

-0.5_.05
)
x—0

o0

lim(O.S x> y*O‘S)

y—0

o0

lim(-0.25x7"°y"*)

X—»0

0

lim(-0.25x"°y ™)

y—>®

0
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KoHTpOAbHI 3aBAaHHA NO Temi YacTKoBa NoxigHa

Yacmkosi noxioHi nepuio2o nopsoxy:

au =0.5x""y* >0
ox
au =0.5x"y™* >0
oy

Yacmkosi noxioni 0py2020 nopsoKy:

2

2}((2] =-0.25x""y*<0
2

2;2] =-0.25x"°y"° <0

MaremMaTu4HHi aHaJi3, HOBepXHeBi iHTerpaau. 3asnanus 1iasa MKP.
Bapianr 1.

1. o Take po3OUTTSI MPSIMOKYTHHKA B JIBOBUMIpHOMY mpocTopi EBknina? Jlatu

O3HaYEHHS HIXKHBO1 Ta BepXHbOi cyM JlapOy.
2. CdopmymoBaTu TeopeMy Ta BuBecTH Bopmyiay [ayca-OcTporpaacbKoro.

3. IlpakTu4Hl 3aBIaHHS.

(1) OOuucnuTH NOABIMHUMN IHTETpaNT

” (*/; + 6y2)dxdy, O =[0;4]x[0;1].
0
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(11) 3HaifTH BC1 YaCTUHHI MOXIJIH1 IPYTOro NOPSAKY (yHKIIIT

f(x,y)=xlny.
Bapianr 2.

1 JlaTi 03Ha4YCHHS MOABIMHOTO IHTETpayia Mo npsAMOKyTHUKY. ChopmyrTroBaTH Ta
JIOBECTU TEOPEMY MPO IHTETPOBAHICTH HEMEPEPBHOI (DYHKIIII 11O TPSIMOKYTHHKY.

2 3Bamucatu  Qopmyny Iayca-Octporpagcekoro.  JlaTh  O3HAYEHHS
nuseprennii. ChopmymroBatu ¢izuuny inrepnperaniro  popmyau Iayca-
OcTporpaJcbKoro Ta 3anucaTu ii y BeKTOpHil dhopmi.

3 [IlpakThuHi 3aBIaHHS.
(1) OOuucaUTH NOABINHUY IHTETpaI

” 2xe¥dxdy, O =[0;1]x[1;2].
0

(1) O0uucaIUTU KPUBOMIHINHUN 1HTErpan 1-ro poay

Jsin(y +1dL, e - Binpizok AB, A(0; 0), B(3; 1).

L
BapiaHT 3.

1 ChopmyroBaTH Ta JOBECTH TEOPEMY, SKa 3BOJWTH OOYMCICHHS IOJBIHHOTO
1HTEerpajia mno NpsSIMOKYTHUKY JO0 JBOX iHTerpaiiB PimaHa.

2 TloO6ynyBatu inTerpan Jlebera mis npoctux GyHkIii. ChopMylIroBaTH TeOpEeMy
npo obuucieHHs: inrerpaia Jlebera mng ,,pyHKuii-apaOunu’.

3 IlpakTuuHi 3aBIaHHS.
(1) OOuucIUTU NOTPIAHUM IHTETpaT

”j(xz +y° +z°)dxdydz,
0

ne 0=[0;a]x[0;6]x[0;¢],a > 0,6>0,¢ > 0.

(i) 3maiitn noxinny ¢yskuii f(x,y)=x ? - y > B
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> 1 1
: . / = : .
tourli M(1; —1) 3a HanpsiMmoM BekTOpa (2 Ej

Bapiant Ne 4

4 JlaTh 0O3HAYCHHS HFDKHBOTO 1 BEPXHBOTO IHTETPAJIIB 10 Tapajelernine/i Ta
MOTPIHOTO 1HTErpajia Mo Mapajeieninell B TPUBUMIPHOMY MPOCTOPI
EBkiiga.

5 3amucatn Qopmyny Ipina. ChopMmyaroBaTu TeOpeMy, sKa BKa3ye YMOBH,
KOJIM 3HAUYEHHS KPUBOJIIHIMHOTO IHTETpaly APYroro poay JOPIBHIOE HYIIIO 1
3HAUYEHHA  KPHUBOJIHIMHOIO IHTErpajly HE 3aJIekKHUTh BIl HUIAXY
IHTErpyBaHHS.

6 IlpakTuuHi 3aBIaHHS.

(1) OOuucnUTH NOABIMHUYN IHTETpaT

JQJG + 8y3jdxdy, 0 =[1;2]x[0;1].

(11) OOuucnutu udepeHiiian Apyroro NOpaaAKy QyHkuii

f(x,py)=x"y° +sin(xy).

4.3 KonTpoJsbHa po0doTa 3 Kypcy BUINOI MaTeMaTHKH Nel

4.3.1 3pa3ok po3B si3aHHs i 0popMJIEHHS KOHTPOJIbHOI podoTu Nel

3pa3oK po3B’A3aHHA BapiaHTy

3aBgaHHAa 4.1.31 [ocnigutM Ha CYMICHICTb i po3B’A3aTM cuCTeMy NiHIMHUX
PiBHAHb, KOPUCTYIOUUCb MeToa0M Maycca, Kpamepa Ta MaTpUYHUM
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x=5y+2z=-2
2x—-10y—z=-9;
8x—-2y—-3z=3.

Po3e’a3aHHA. [Jocnignmo cuctemy PpiBHAHb Ha CYMICHICTb 3a A0MOMOroHo
Teopemu KpoHekepa-Kanenni. 3annwemo po3wmnpeHy matpuuio 4° cuctemu:

I -5 2| =2
A =2 -10 -1 -9{.
&8 -2 -3 3

BMKOHAEMO enemeHTapHi NepeTBOPEHHS MaTPULL 4°, a cCame: MOMHOXUMO

eNleMeHTW NepLUoro psaaKa Ha (-2) i Jo4amo [0 APYroro; MOMHOMUMO eNeMeHTU
nepworo psaKka Ha (-8) i ;oaamo Ao TpeTboro psaka. OTpUMaemo

1 =5 21]=2) (1 =5 2 |=2
A" =2 -10 -1|-9|0|0 0 -5 |-5/.
§ -2 3|3 0 38 -1919

OCKiNbKM r(A4)=r(4")=3 i KiNbKiCTb HEBIAOMMX n=3, TO CUCTEMa CyMicHa i Mae
€EANHUIN PO3B’'A30K.

BignoBiaHO 40 OCTaHHbOI MaTpuL,i, cUcTeMa Habyna TPUKYTHOrO BUrAAay:

xX=5y+2z=-2; [x-5y+2z=-2; [x-5y+2z=-2;
38y—-19z=19; § 38y—-19z=19; 38y =38;

L
L
—5z=-5, z=1, z=1, 1.

NI
Il

OTXKe, po3B’A3KOM cUCTEMU € x=1, y=1, z=1.

Po3B’sxkemo cuctemy piBHAHb meToaom Kpamepa.

3HanAeMo BM3HAYHMK CUCTEMU PIBHAHb A Ta BUSHAYHUKU Ax, Ay, Az:

1 -5 2 -2 -5 2

A=]|2 -10 -1=190, Ax=-9 -10 -1/=190,
&8 -2 3 3 -2 3
1 -2 2 1 -5 2

Ay=12 -9 -1{=190, Az=|2 -10 -9/=190.
& 3 3 &8 -2 3

Ockuibku A=190#0, TO CHUCTEMa pIBHSHb Ma€ €IUHUNA PO3B’A30K, SAKUU
3Haiigemo 3a popmynamu Kpamepa:
Ax 190 Ay 1
—:—:1’ y:—y:ﬂzl’ z = =1.
A 190 A 190 A 190
Omxe, poO3B’SIBKOM CUCTEMH €: x=1, y=1, z=1. JlIiCHO, MIACTaBUBIIH
OTpUMaHUM PO3B’A30K B 33J]aHy CUCTEMY P1BHSIHb, OTPUMAEMO TOTOXKHOCTI.

Az 190,
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Po3B’skeMO cucTeMy piBHSIHb MATPUYHUM METOOM.
3anuiieMo MaTpulll 4, B Ta X CUCTEMU y BUTIISAI:

1 -5 2 -2 X
A=|2 -10 -1|; B=|-9|;X=|y
8 2 3 3 z

Cuctemy NiHIMHUX PIBHSHb MOXHA 3alKCaTH MAaTPUYHUM PIBHSHHSIM A-X =B,
PO3B’SI30K SIKOTO 3a4a€ThCA POpMyIIo X =4"-B.

3HaliieMo MaTpulilo, 00epHEeHyY 10 MaTpulll 4. JIJist HbOTro CroYaTKy 00YUCINMO
BU3HAYHUK MATPUIl 4:

1 -5 2
det4=|2 -10 -1{=190.
& -2 3

OckuibKU det4#0, TO oOepHeHa wmaTpulsl icHye. OOuucnuMo anreOpaiuHi
JIOTIOBHEHHS €JIEMEHTIB MaTPHIll A :

-10 -1
:_1 1+1 — 90— .
4 =07 _3‘ 30-2=28;
a2 -1
52 -10
A, =D o _2‘=4+80=76;
-5 2
4, =(-1)*" =—(15+4)=-19;
n =D _3‘ (15+4)
1 2
4, =(-1)*" =-3-16=-19;
8 -3
1 -5
Ay =(-1)* =—(-2+40)=-38;
A ey
-5 2
Ay, =(-1*" 1‘ =5+20=25;
1 2
A, = (=1 =—(-1-4)=5;
o =077 _1‘ (-1-4)
1 -5
Ay = (=17 =-10+10=0.
33 ( ) 2 _10
Otxe, oOepHEHA MATPULISL MA€ BUTIIS:
L (28 19025
A'=—|-2 -19 5
90076 38 o

3HailieMo MaTpuI0 X SIK J00YTOK JBOX MaTpulpb A 1 B:

| 28 —19 25\ (=2 | -56+171+75
X=4"B=—|-2 =19 5 ||-9|=—-| 4+171+15 |=
190 190
76 -38 0 3 —152+342+0
| 190 1
=—-1190 |=[1].
190
190 1

TakuM ynHOM, x=1, y=1, z=1.
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3aBnannsa 4.2.31 3agaHi KOOpAMHATH TOYOK 4 (4, -2; 3),
A4,(3; L, 5), S(4 3; 1) - BEpUIMHU IIpaMIIN 4 4,4,S. 3HAUTH:
a) KOOPANHATM BEKTOPIB S4, , SA, , S4, Ta iXHi LOBXUHMU;

4,(1; -3 2),

6) KyT NPy BEPWMHI S rpaHi 4,54, ;
B) NNOLLY OCHOBU A 4,4, Nipamign 44,45 ;

r) o6’em nipamign 4,4,4,S Ta AOBXMHY BUCOTU SO, OMNYLLEHOI 3 BEPLWNHN S Ha
OCHOBY A 4,4, .

Po368’A30HHA.

a) 3HaAeMo KoOOpAMHATN BEKTOPIB S4,, S4,, SA, :
54, =(4-4-2-33-1)=(0,-5;2),

5S4, =(1-4-3-32-1)=(-3;-6;1),

SA4, =(3-41-3;5-1)=(-L-2;4).

3HanMaemo O0BKUHW BEKTOPIB:

[54] =0 + (=5)" +2* =29,

\5712 =J(=3)> +(=6)> + I =~/46,
‘5713 =1 +(=2) +47 =/21.

6) 3Hanaemo coso:

cosQp = ab = 54 -S4,
elpl - [sa]ls4]

3HaAeMo CKanApHUM 4O6YTOK BEKTOPIB: S4, -S4, =32.

. .o 32 16
KyT npu BepWKHI S rpaHi 4S4,: cosgp=——r—=,|—.
\29-446 V29

B) AKLWO BiAOMI KOOPANHATM BEPLUMH TPUKYTHUKA 4 A4, 4,, TO AOTO MJIOLLY MOKHa
3HaWTK 33 popmynoto

l— —
SAA,AZA3 ZE 44, x 4 4,
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i ] ok
L] I R |—l\1 7+7-7-10 E\—
M, T > J
13 2

=%\/12 +7% +(-10)° =g=¥.

2

OTKe, NNOWa OCHOBU 4, 4,4, NipaMian 4,4,4.S ROPIBHIOE S,, , , =¥.

r) 3Hangemo 06’em nipamian A4,4,4. :

1 1 T A I
VA,A2A3S ngnap ZE‘SA1SA25A3‘ :E‘ _?; _g ‘1‘ [=—.

3 popmynu 06’emy nipamign v, , ¢ Z%SAA,AZAg -H BMPA3MMO

EL
1 Vs T 316
Siii 506 30
2

3aBaaHHA 4.3.31 [loBecTw, WO BEKTOPU G, b, ¢ YTBOPIOKTbL 6a3unc i po3kaactu
BEKTOp d 3a 6a3sncom, AaKLWo:

Zzz(l; -3, 1), l;z(l; -5, 2), Ez(l; —4; 1), 3=(O; 0; 4). Po38’a3aHHA.
Jlocnigmmo BEeKTOpM &, b, ¢ Ha KOMMAAHaPHICTb abo NiHiNHY 3a1eXKHiCTb, 3HaNLWOBLWN

iX MmilaHnn gobyToK:

1 -3 1
abc=|l -5 2|=1=0.
1 -4 1

OCKiNnbKM  MiWwaHMii  JOOYTOK BEKTOPIB He [AOPIBHIOE HYAO, TO BEKTOPMU
HeKoMMNAaHapHi, TOBTO NiHiIMHO He3aneXHi i Tomy yTBOpPOOTL H6asuc.

BeKktop d MOMHa po3KiacTtv 3a 6a3mMcom BeKTOpPIB 4, b, ¢ . JliHinHa KombiHauin
MaTUMe BUTNAA: d=od+Pb+yc. 3aNMIEMO CUCTEMY PiBHAHb A1A 3HAXOAXEHHS
a, B, y, NPUPIBHABLUM BiANOBIAHI KOOPANHATK:

o-1+B-1+y-1=0;
o (=3)+B-(=5) +7-(~4) = 0;
o-1+B-2+y-1=4.
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Po3g’akemo  gaHy cuctemy 3a  gonomoroto  popmyn  Kpamepa:
1 1 1
A=-3 -5 4=-5-4-6+5+8+3=];

A,=10 -5 —4=-16+20=4,

A, =-3 =5 0|=-20+12=-8.
1 2 4

A4 A, 4
1 b 1

4 = 8
A1 PTTATTT T

TakMM 4YMHOM, MAEMO pPO3KNaL BeKTopa d 3a 6a3nMcom BEKTOpiB a,b,c:
d=4d+4b-8¢.

3aBgaHHA 4.4.31 O64YNCAUTM TPaHULi, HE KOPUCTYHOUYMCh NpaBuaom JloniTans:

X —x'—4dx+4 . \21+x-5, . arcsin8x
6) lim——————; B) lim ;

a Iim—— , m ) D E—
) lim = i X 64 0 In(1 + 4x)
2-x\"* 5% +7x+1
r) lim ; lim ——————— .
) Hw(3—xj A o x* —5x+4
Po38’a3aHHA:

a) pO3K/1aAeMO YMCENbHUK | BHAMEHHUK APODOY Ha MHOMHUKWK, a NOTIM
x3—x2—4x+4_(9) (x+2)(x D(x-2)
0) 0 (x+2)(x+1)(x=3)

CKOPOTUMO APIi6 Ha x+2: lim —
x—»=2 X —=Tx—-6

X Dx=2) 3-(4) 12,
H2(x+l)(x 3) —1-(=5) 5’

6) NOMHOXNUMO YNCENbHUK | BHAMEHHMK Ap0by Ha BUpPa3 v21+x +5, @ NOTIM
CKOPOTUMO Apib Ha x—4:

im 21+x-25 _

4 (x —64)(V21+x +5)
i M—s_m o (2rexos)(V2lexes) x4 _
e X -64 (3 64)( 21+x+5) - _x”4(x—4)(x2+4x+16)(\/m+5)_

L 1 1
_£T3(x2+4x+16)(M+5) 480
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B) KOPUCTYHOUNCb TabAMLEIO eKBIBAaIEHTHUX HECKIHYEHHO Ma/JInX BE/INMYMH,
3aMiHUMO HECKIHYEeHHO Mani BEANYUHU B YNCENbHUKY | BHAMEHHUKY

€KBIiBa/IEHTHUMMU: hmmz(g =lim8—x=1im2=2;
=0 In(1+4x) \0

x=04x x>0

r) CKOPUCTAaEMOCH APYroto BaXK/IMBOIO FPaHULLEIO:
x+2 x+2

lim(z_x) =(1°°)=1irn(3_x_lj -

X0 3_X X0 3_X

x+2
x-3)X*2
J(r Y fim ¥2

. __1 x+2 . 1
=lim| 1+ =lim| 1+
X—o© 3—x X0 x—3

A) No4iNMMO YMCENbHUK | BHAMEHHUK APOOY Ha x B HaMbinbwoMmy cTeneHi, TO6To
Ha x’:

i 5x2+7x+1_(ooj B 5/x+7/x2+1/x3_

3 = — |j=im 2 3
o0 x° =5x+4 o) x> 1-5/x"+4/x

3aBaaHHA 4.5.31 3HanTM NoXiaHi PyHKL,iN:

x=log,(t+2);

a) y=In’ sin(e’5*+2); 6) y=(sinx)"*; B); { r)tg(xy)+y=2cosx.

y=2"+4t.
Po38’a3aHHA:

a) CKOpUCTaeEMoCb NpaBuUIom AndepeHLitoBaHHA CKaaaeHoi GyHKLi:

,_3In”sin(e™ +2)-cos(e™ +2) e~ -(=5)
4 sin(e™ +2)

=—15In’sin(e™* +2)-ctg(e”™ +2)-e;

6) nponorapnpmyemo ob6MABI YaCTUHU PIBHOCTI, a NOTIM NpoandepeHLitoEMO
OTPUMaHY PiBHICTb, BUKOPUCTOBYOUYM NPABUIO AMdeEPEHLIOBAHHA CKNaaeHOi

dYHKLT: In y = In 2x-In(sin x), 2 = (In 2x)"In(sin x) + In 2x- (In(sin x))'=—In(sin x) + In 2. &%,
y X sin x

3Bigcu:

In2x (l hl(Sin X) +In2x- Cth) ;
X

y'=(sin x)
(2 +4r)

B) 3HaAEMO NOXiAHY v : y. = ;
(log; (1 +2))

=(2'In2+4)(t+2)In3.
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r) npoandepeHLitoeEMo 06MABI YaCTUHM PIBHOCTI MO x, BBa*Katouun y QYHKLUIED

; . 1 .
BIA x: ——— () +) =-2sinx; ——— (y+x") + y'=-2sinx;
cos”(xy) cos” (xp)
2sinx-cos’
3 ++1 — dsinx— 2y S y=o sin x cosz(xy)+y.
cos” (xy) cos” (xy) X +cos”(xy)

3aBpaHHA 4.6.31 JocnignTtn GyHKLUIi Ta nobyayBaTth ix rpadiku:

1

1-x° -
a) y=7; 6) y=xer.

Po3g’azaHHA: a) ObnacTb BU3HaYEHHA AaHOI GYHKLT D =(—»; 0)U (0; +«) . B TOUL,
x=0 PYHKLIiA Ma€E po3pmB. 3HANAEMO OAHOCTOPOHHI FrPaHML PYHKLI:
lim f(x)=400, lim f(x)=+o0,
x—0-0 x—0+0
OTXe, x=0 — TOYKa pO3puBY APYroro poay.
Mpama x=0 € BEPTUKANbHOK aCMMNTOTO KPUBOI.
PyHKLUIA Hi NapHa, Hi HenapHa, HenepioanyHa.
3HaMAEeMO eKCTpeMYMM Ta iIHTEPBANM MOHOTOHHOCTI QYHKLi:

,_—3x2‘x2—(1—x3)‘2x__x3+2

4 3 ’
X X

y'=0 B TOULi x=-32 , AKA € KPUTUYHOIO,
y' He iCHYE B Touui x=0, ane ue He KPUTUYHA TOYKA, TOMY LLO BOHA € TOYKOIO
po3pusy .

3'>0 — DYHKLiA 3pOCTaE Npu x e (-Y2; 0),

J'<0— QYHKLA Cnafae npu xe(—o;—Y2)u(0; +x). OTKe, x=-32 — TOuUKa
MiHIMYymY: y, . =y(—%5)=3i-

T4
3HaM4Eemo iHTepPBaAM ONYKNOCTi Ta BFHYTOCTi, TOYKU NEPEruHy:

,,__3x2 X =337 (0 +2) _i
x° x*

TOYKOIO NEePErnHy, TOMY LLLO € TOYKOI PO3PUBY.

; ¥"#0, »" HeiCHYe npu x=0, ane ua To4YKa He MoxKe byTu

OTke, rpadik GyHKUii HE MAa€E TOYOK NepermHy, NPMYomy 3" >0 Ha BCil obnacTi
BM3HA4YeHHA, ToMy rpadik PyHKLii BCOAN BIHYTUM.

3Hanaemo acCMMNTOTU:
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x=0— BepTnKaJZibHa aCMMNTOTaQ,

-3 .3
k=lim =X =1, bzlim(l j‘+xJ=1imi2=o,

3 x X—>0 x

X—>0 X X—>0

OTXKe, NpAMa y=-x — MOXW/Ja acMMNTOTa.
padik dyHKLUIii nepeTnHae Bicb Ox B Touui (1;0) i He nepeTuHaEe Bicb Oy.

3a pe3ynbTaTamMu gocniaxeHb byayemo rpadik pyHKUi:

2,

6) Obnactb BM3HaAueHHA AaHOI OYHKUii D=(-w;0)U(0;+x). B Touui x=0

JYHKUIA  Mae  po3puB. BuKopuctosytoum npasuno  Jlonitansa, 3Hangemo
OAHOCTOPOHHI rpaHnLi GyHKLUi:

1 1
1 < ——e' ; 3
. 2 < . e’ . . e .
lim x“e* = lim = lim —* = lim — = lim —& =
x—0-0 x—0-0 1 x—0-0 2 x>0-0 2 x—0-0 2
2 T3 7 )
X X X X
1
.er _ 1
= lim =" =—=0;
x—0-0 e”

1
1 1
. . = . ex ©
QHANOMYHO lim x’¢* = lim — =¢” =
0

x—0+ x—>0+0 D

’

OTXKe, x=0 — TOYKa PO3puUBY APYroro poay.
Mpama x=0 € BEPTUKANbHOI aCMMNTOTOH KPUBOI.
PyHKLUIA Hi NapHa, Hi HenapHa, HenepioanyHa.

3HaMAEeMO eKCTpeMYMM Ta iIHTEPBANM MOHOTOHHOCTI QYHKLi:

1

Y=e 2x-1),
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. 1
y' =0 B TOYLL x=2 AKa € KPUTMYHOIO,

»' He iCHye B ToYUi x=0, afie ue He KPUTMYHA TOYKA, TOMY LLO BOHA € TOYKOK
po3puBY .

y'>0 — dYHKLi 3pOCTaE Npu xe(%;+oo) ,

. 1 .
¥ <0 — QYHKLiA cnaga€e npu x e (—w; 0)u(0; Ej' OTxke, x:% — TOYKa MiHiMymy:

_ (e
ymjn y2 4

3HaM4Eemo iHTepPBaAM ONYKNOCTi Ta BFHYTOCTi, TOYKU NEPEruHy:

2x> —2x+1 -+ : . : .
"=x—2x+ex , ¥"#0, " iCHY€E Ha BCit 06nacTi BU3HauYeHHA PpyHKUii. OTxe, rpadik
X

bYHKLUiT HEe Ma€e TOYOK NepernHy, NprUYomy " >0 Ha BCi 061acTi BUSHAYEHHS, TOMY
rpadik GyHKUiT BCroAM BIHYTUN.

3H3VIA€MO aCMMNTOTU: x =0 — BepTUKaZibHa aCMMNTOTa;

1
k=limxe* =0 , OTX€, NOXUINX aCUMNTOT HEMAE.

X—>0

padik GYHKUIT HE NEepeTUHAETbCA 3 OCAMM KOOpAMHaT. [MoYaTOK KOOpAWMHAT €
rPAHMYHOIO TOYKOHO NiBOI BiTKM rpadika.

o . . 4 1
3HaMaemMo AeKinbKa AONOMINKHUX TOUOK: —2;T :(Le)| 1= 1.
e

3a pe3ynbTaTamMu gocniaxeHb byayemo rpadik pyHKUi:

I

-+ =

3aBaaHHA 3.2.31. 3HaUTK eKCcTpemMyMm PyHKL,i

z=2x" =3xy+5y" —3x+2y-1
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Po3B’A3aHHA. 3HaMAEMO CMoYaTKy KPWUTUYHI TOUYKKU, TOOTO TOUKWU, B AKUX
YaCTMHHI NOXiAHi AOPiIBHIOKOTbL HYNtO, abo He iCHYITb (came B LMX TOYKAX MOXKe
MICTUTUCA eKCTpeMyMm OYHKLIT): z/ =4x-3y-3; z, ==3x+10y+2.

Po3B’A3yeEMo cuctemy

{4x—3y—3=0 ‘3

_1
10 (31y-1=0 V=
o _ v,
3x+10y+2=0[4

3 |31x-24=0 xzz%l

i OTPMMYEMO KOOPAMHATU KPUTUYHI TOUKN

M,(251: 14).

[ani nepesBipaemMo 3a 4ONOMOroto A0CTaTHbOI YMOBU ICHYBAaHHA EKCTPEMYMY YU
byne B TOULi M, eKCTpeMyMm. 3 L€ MeTOo 0H6YNCIHOEMO NOXigHI APYrOro NOPAAKY

A=z =(2) =(4x-3y-3) =4,
B=zl,=(2) =(4x-3y-3) =-3,

B=2,=(2) =(-3x+10y+2) =-3,

C=z,=(2) =(-3x+10y+2) =10.

CKnagaemo BU3HAYHUK ApYyroro NopaaKy 3 umx NoxigHux B Touui M, . B Hawomy
BUNAAKY YaCTUHHI NOXiAHI APYroro NOpAAKY BMABAAKTLCA CTAa/IMMKU BEAUYUHAMM i
TOMY

-3
=40-9=31>0.
10

. . 24 1 . ..
TakMM YMHOM, B KPUTUYHIN TouLli M, 131 bYHKLiIA Z Mae MiHIMYMm, TOMY LLO

z "
XX

y =4>0.
O6YncnMmo MiHiManbHe 3Ha4YeHHA PyHKLT

2 2
et B] 2L L e 4
31 31 31 31 31 31 961 31
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6. BAPIAHTHU 3ABJIAHb KOHTPOJIbHOI POBOTH Nel

3aBgaHHA 6.1. [JocnigMTy Ha CyMICHICTb i pPO3B’A3aTM CUCTEMY NiHIMHUX PiBHAHD,
KOPUCTYIOUYMCb meToaoM lMaycca, Kpamepa Ta MaTPUUYHUM.

2x—y+4z=06, x+y—2z=-7,

6.1.1 {—x+5y-6z=7, 6.1.2 . 2x-2y+z=9,
4x+2y—-z=10. X+2y—z=-6.
xX+2y+2z=4, 5x=3y+z=2,

6.1.3 {3x-y-3z=14, 6.1.4 { 2x—y+z=3,
2x+y+z=8. x+3y+2z=13.
3x-2y+z=17, x+5y—-2z=13,

6.1.5 < x-2y-3z=-1, 6.1.6 \x-2y+3z=-4,
4x—-3y—-5z=3. 3x-4y+z=06.
3x-2y+z=1, x+2y+2z=13,

6.1.7 <5x-4y+2z=0, 6.1.8 1 3x—y-z=4,
x+3y+2z=6. 2x+y+3z=11.
4x—y+5z=4, 3x—y+z=-3,

6.1.9 < 2x-y+3z=2, 6.1.10 { x-2y-4z=1,
x+y—-2z=3. 2x+y—-3z=12.
3x+y+2z=1, 2x+y+3z =48,

6.1.11 { 2x+y-z=5, 6.1.12 {x+2y-4z=-3,
xX+y—-2z=5. 2x—-y+3z=10.
x+2y+2z=10, 3x+2y—z=9,

6.1.13  3x—y+z=4, 6.1.14  x+2y-3z=-1,
4x-2y+5z=7. x+y+5z=_8.
x+3y+2z=9, 3x—4y—-2z=9,

6.1.15 {3x-2y+2z=-2, 6.1.16 { x+5y+2z=2,
3x+2y+z=11. 4x+3y—z=T.
x+3y+2z=-8, 2x—y+3z=35,
6.1.17 {5x+2y-2z=0, 6.1.18 <3x-2y-3z=14,
xX+y—z=-3. 2x-2y—z="1.
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S5x-3y+5z=2, Ix—-2y+4z=3,
6.1.19 | 2x+y+z=4, 6.1.20 1 5x-y+3z=0,
x+2y-3z="T. 2x+2y—-3z=-3.

6.1.21 {2x+y-3z=-5, 4x+2y—z=-3,

3x+2y+z=1, 3x—y+2z=-10,
6.1.22
xX+y+2z=4.

x+3y+z=3.

2x-3y+2z=-3, x—y-z=4,
6.1.23 {x+2y-z=4, 6.1.24 3x+y-z=4,

—x+5y—z=5. 2x—-3z=8.

6.1.25.2x-2y+2z=7, 3x+y-5z=4,

x+2y—z=-1, —2x—-4y+2z=-6,
6.1.26
x—4y+3z=09.

x—y+3z=0.

x+y—z=1, 4x-3y+2z=-5,
6.1.27 {8x+3y-6z=11, 6.1.28 <2x+5y-3z=-7,

—4x—-y+3z=-06. Sx+6y—2z=-4.

2x+y+z=06, Tx—-5y=13,
6.1.29 {x-y+z=-1, 6.1.30 {4x+11y =49,
2x+3y+4z=41.

—x+2y—-2z=3.

3aspgaHHA 1.2. 3ajaHi KOOpAWMHATU TOYOK A (x; »; z), A(x: s z),

A (x5 yys zy), S(4 35 1) - BEPWUHW NipaMian 4 4,4,S.
3HanTK:

a) KOOPANHATM BEKTOPIB S4, , SA, , S4;, Ta iXHi LOBXUHMU;
6) KyT NPy BEPLWMHI S rpaHi 4,54, ;

B) NNOLLY OCHOBU A 4,4, Nipamign 44,45 ;

r) o6’em nipamign 4,4,4,S Ta AOBXUHY BUCOTU SO, OMYLLEHOI 3 BEPLWNHM S Ha
OCHOBY A 4,4, .

1.21 4(3 1, -4), 4, (L, -4 5), 4(2 -1 0).

1.2.2 4,(2; -3 5), 4,(3; 4 1), 4(-L 25 -6).
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1.2.3 4(-5 1 3), 4(-2 4 5), 4(7; 3; —4).
1.2.4 4,(-2; -5 1), 4,(6; -1 9), 4(L; 3 2).
1.2.5 4(-9; 2 1), 4(~4 5 -7), 4(2 1 4).
1.2.6 4(L 6 5), 4,(3; 25 7), 4(4 -L 1).
1.2.7 4(-8; 5 3), 4(-2 L 4), 4,(5 25 1).
1.2.8 4(-7; -3 2), 4,(8 4 1), 4(6 25 8).
1.2.9 4(3% -7 4), 4( 4% 2), 4(-5 1 3).
1.2.10 4,(-2 5 7), 4 (-1; 4 3), 4(3% L 8).
1.2.11 4(7; 3; —4), 4(3; 4 1), 4(2 -1 0).
1.2.12 4(2 -1 0), 4(-5 L 3), 4(-L 2 —6).
1.2.13 4(-5 1 3), 4,(-2 4 5), 4(7; 3; —4).
1.2.14 4(-1; -5 1), 4,(7; -1 8), 4(-5 1; 3).
1.2.15 4, (-7 25 6), 4,(—4 5 1), 4(3 7, -5).
1.2.16 4(-7; —4 5), 4(3 L 9), 4(4 -2 1).
1.2.17 4,(-8, 1, 3), 4(-2 -6 4), 4(-7; 2 1).
1.2.18 4 (-4; -3; 2), 4,(2 -7; 1), 4,(6; 2 8).
1.2.19 4(-6; 4 9), 4,(L 3; 2), 4(% -1 5).
1.2.20 4(-7; 5 4), 4(-1; 8 5), 4(2 -L 7).
1.2.21 4(8; -1, —4), 4,(5 -3 1), 4(7; -2 6).
1.2.22 4(-2; -6 4), 4,(-T; 2 -3), 4,(0; —4 6).
1.2.23 4(-6; 2 -3), 4,( 4 3), 4(7 -3 4).

1.2.24 4(-2; -6, -9), 4,(—4 -1 2), 4(7; 0; 3).
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1.2.25 4,(-9; L, -4), 4,(3; -7, 9), 4(2 5 -6).
1.2.26 4,(7; -4 -10), 4,(9 25 -7), 4(5 -6; 1).
1.2.27 4,(0; 1; -3), 4 (4 7, -9), 4 (I, -5 6).
1.2.28 4(-3; 1, -2), 4,(-7; 3; —4), 4,(% -2 5).
1.2.29 4,(3; -7; 6), 4,(-1 6; 9), 4(8 L 7).
1.2.30 4(9 -8 5), 4(3; & 7), 4(-2 L 8).

3aBgaHHAa 1.3. [loBecTu, WO BEKTOPU &4, b, ¢ YTBOPIOWTb 6a3nc i po3Knactu
BEKTOp d 3a 6a3sncom, aKLo:

1.3.1 a=(1;4;-2), b=(3;1;6), c =(~1;,2;0), d =(4:3;5).

1.3.2 a=(50;-2), b=(-413), c=(34-2), d =(3;-3;1).

1.3.3 a=(1;251), b=(2;-1;2), c=(5;3;4), d =(0;2;1).
1.3.4 a=(1;53), b=(-4-2;2), c=(352), d =(3;7;2).
1.3.5 a=(3;-1;2), b=(-2-15), c=(2;3;-1), d =(7;7;4).
1.3.6 a=(43;2), b=(2;-4;-3), c=(455), d =(6;-3;-4).
1.3.7 a=(3;1;4), b=(2-13), c=(-1;2s-1), d =(457).
1.3.8 a=(2;2;3), b=(-3;-3;-2), c=(-2;-1;-3), d =(0;1;5).
1.3.9 a=(43), b=(L-2-1), c=(-412), d =(115-1).
1.3.10 a=(1;3;2), b=(3;52), c =(4-31), d =(%4;3).
1.3.11 a=(1;3;5), b=(2:-2), c=(5:4;-1), d =(~6;3;20).
1.3.12 a=(,23), b=(-2;-5-7), c=(3;2;4), d =(3;1;3).
1.3.13 a=(312), b=(-5:2;-1), c=(353), d =(49;6).

1.3.14 Zz=(2;3;5), Bz(—l;Z;—Z), Z‘=(2;3;1), 3=(1;5;11).
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1.3.15 a=(1;2:1), b=(3;5-1), c=(2-13), d =(4-110).
1.3.16 a=(3;21), b=(2-3-4), c=(3;55), d =(-4;3;4).

1.3.17 a=(2:2;1), b=(43;-1), c=(L-12), d =(3;2;6).

1.3.19 a=(2:3;4), b=(2-1-2), c=(-5:21), d =(3;65).
1.3.20 a=(4;3;2), b=(5,2;5), c=(2:5-3), d =(-5-9;3).
1.3.21 a=(2;5-4), b=(-3;-21), c=(L,-14), d=(2;09).
1.3.22 a=(,-13), b=(-L-L1), c=(41-1), d =(154;-2).
1.3.23 a=(1;2;-1), b=(3;-L1), c =(~1;2;5), d =(-8;10;-8).
1.3.24 a=(3;-L1), b=(L3;2), c=(-LL5), d =(-2412).
1.3.25 a=(1;-2;1), b=(2:L;1), c=(-5;3-1), d =(15-14;4).
1.3.26 a=(2;1;3), b=(LL-1), c=(3;-1;2), d =(-6;4;1).
1.3.27 a=(2L-1), b=(312), c=(4L-1), d =(-15-2;-1).
1.3.28 a=(3;21), b=(2;-12), c=(L2-1), d =(;-13).
1.3.29 a=(2;1;-1), b=(-L13), c=(L-L2), d=(L117).

1.3.30 Zz=(1;—5;7), 5=(5;3;1), 2=(—8;—2;—1), 2=(15;9;11).

3aBaanns 1.4. O0uucaIuTU rpaHulll, HE KOPUCTYIOUUCH TpaBuiIoM Jlomitais.
141a) 11 x +3x+2 6) \/3—x—\/§_ . l‘gx

B) lim

2_ : —;
x—>2x3 4+ 02x% = ;Ho X x>0 3’(1—005)6)2

2x-1
r) lim(x+;) ; 1) lim ﬂ

X—>00 X v~>004+3x x
3 A x _
1.4.23) im> "2 6) im¥*"2"2; 8) lim— .
ol x+x° =6 x — -0 arcsin 3x
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x+1

. (3x—-4)3 . Cox 43 +2x+2
r) lim ; A) lim .

oo\ 3x +2 5x* —4x-9
_ _ 2 2 :
1.4.3a) "2 6) ¥ 53 ) i 2E nm("z“J - 1)
H-l(xz_x_z) 2 x—2 0 In(1 + 2x) | X% —1
2x* —4x

x>0 —4x® +3x7 4

2 N _
1.4.43) tim 22, 6) fim 3T B) lim| ————|; 1)
w1 X7+ 2x +1 =4 x"—-16 -0l sinx  fgx
7-x2
5-2x7 x -1
lim| ——— ; 4) lim
Hw(3—2x2J p')wa —5¢° +2x—-1"
3 2 12 . 5 ) s ) _4 3x+5
1.4.5 a) fip ™ 0X 1278 gy VX272, gy EATSIY Ly (Y ;)
2 x =3x"+4 6 x— x>0 X oo\ x+1
. x*+5x—4
lim — > .
0 2x” =5x" =3x+4
o x+l
i 2x+2
1.4.62) i 6) im L) iy S lirn( X J  a)
w1 2x% —x° 0. /v2116-4 x>0]—cos8x o\ 2x+5
6x° —3x+6

lim —; .
oo xt =Tx—2

2x+1

1/ —J1= . 2 3
1.4.7 a) 11m3$' 6) 1 - 8) lim sm3x3tg5x; r) lim [ ;LSJ . 1)
ol X x+1 x»O x—0 X X0 X
. ox=2x+1
lim————

>0 5x0 — x4 2

3x+2 —Jx-3 sin”3x
1.4.8 a L 0) lim~————=; B)lim————;
) vliml X +2x% - ) 7 x*—49 )Hox arcsin 3x
r) hm[2x+lj 1) lim 5x* +9x° —2x+1
x|\ Dy — X0 2x* +x-6
x+4
- x+4
—-6x— 2x-tg5x L [(x+2)7
1.4.9a —— - ; 0) lim=—=—";B) lim——=—; T hm( J X
)hn}x3+2 ox-— ) ¥7 \/x -3-2 ) HOI cosl0x”’ )Hw X - )
Ox? +3x+2

m .
e 3x7 4+ 2x — 1

214



CkypaToBcbkuM Pycsan “Builia MaTemaTuka”

3— — .
1.4.10 a) lim—> 1 6) X273 ) i 80 g lim(x+4
H%6x —5x+1 =7 x° —8x+7 x>0 58in” 2x xow| x —
X =3x+2

lim

son 5 —x? —3x 41

cos5x —cos3x |
m—

r)

2x+1
2

1.4.11 a) fim ¥ =25 93F18 . gy V1#2x -3, B) 1 "
x—3 81 x—4 x_ x—0 sin” x
¥+l

lim x +5 'Il) lim 7+ x-2x7

oo )P =2 ) 7T xse 2 4 10x 45

x2+1

1 4 12 a) 1 7x 6, 6) 1 \/ 1 ) 1 1n(1.+slnx) . r) hm(x—4) x ;H)
ro-1x® —3x—4 \/2x =0 sin4x oo\ x—1

. x*+3x-4

hmz—.

=0 3x" +4x =7

Sx_ 2

1.4.13 a) lim*—2": 6) im 2" p) im& L r) fim| 22 *1
x—3 x—4 ,/x+5 x—0 tgsx X0 2x _3

x> —2x+1

lim

oo 2xt - —3x+ 7

2

1.4.14 a) lim X +2x% — 6) lim NX+6—-+2x+3 B) lim In(x* +1) .
i1 x? —2x -3 X3 x-3 HOI cos2x’
x+2

o (x=-2Y7 22Xt =7x +6x

lim ; A) im=——————

oo\ x+5 xoo X" +2x—8

3 2 _

1.4.15 a) fim X +5x"+8x+4 ) lim 2x"-3x-2, ) lim 1- cos2x; r) lirn(?’
w52 X0+ 7 +16x+12° =24 _\J4x+8 =0 fgx —sinx oo\ 5—Xx

2x* +3x-2

lim

o x +8x% +3x —

%

—2x—-1 \/x+ 2. COS X — COS’ X . [ 4x+1
14.16 a ; 0) lim lim—=—————~: T) lim| ———
) h»ml x* +2x ) x>0 ) >0 x.sin2x ) xoo| 4x7 —2
2x* =3x-10
im .
woe x* _25x7 4+ 6x—2
1.4.17 a)l xt+3x-4 6) x +7x+6 B) liml—cozs4x; r) lim(3x+2
x=13x% +4x \/ — -0y oo\ 3x 45
Cox +2xr -1
lim———

ooyt = 2x+3

215

x+1

JZ;H)
j“;m

b

jm;m

; A)



1.4.18 a) lim

x—>-2

X242

X—>0

x+3

1.4.19 a) lim

x—>-3

. 3xX*=7x-6
lim————M—
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2X +3x 2 6) lim ’\/.X+ 2' B)1 ﬂ_ r)
PRSI | H0cos7x cos3x

. [ x+2) . —6x’ —Tx+4
hm( j ; A) hm—

e x40

| Jri5- -l  (x—4Y"
X +7x +15x+9 6) i 2x+5 3;B) hme. -1 ) X ;Il)
X +8x% +21x+18’ =4 x” =3x -4 =08in” x X

o x? —3x—4

xz_ x+1
1420 a) 1 2x+1 6) 1 \/x+ \/ ) 2 1 . r) 11m(2x+3) ;H)
x—>1 ) x x—2 xﬁO arctg X x>0\ 2x +4
. X =2x"-9x+8
lim Z .
e x' —=8x+4
x+1
2 )2
1.4.21 a) lim fx+2 :6) lim Eﬂiﬁ___ B) im =% p) i 12X 1
x%lx X+1 x—0 x x>0 tg3x x—>o| 3—x
. 8x’ +6x—1
llm#.
=0 6x” —5x" +4x
14.229) (14+x)’ ~(1+3%) 6) 1 6% =2 oy Vit -1, . 2+ “_H)
o pa RN \/7— - x>0 sin® x Tentx el 64x° )
. 2x7+x-1
lim———.
x>o X +5x% —1
x3—2x—1)(x+1) X2 =25
1.4.23 a) j; ( ; 0) lim——=—
)}Ln—ll xt+4x° -5 ) =52 Jx-1’
1—cos 6x 3x ) 6x° —2x° +2x°
B)lim——; r) l ; lim————.
)HO e -1’ )xglfl(3x+5) > ) P x*=5x+6
(¥ +2x-3) Jrri-2 tg3x -si 33y
1424@1me——7f—ﬂ6)r-li;;,mnmﬁiﬁﬁi;nnm(x+) -0
-3 X +4x° 4+ 3x =3\ x-2-1 x>0 arctg3x x>\ 3x -3
3x* —8x+5

im—; .
x>0 3x= +9x—6

1.4.25 a) lim

x—>-1

lim

xow x? —Sx

1.4.26 a) Iim

x—>-1

. x*+3x-4
Iim————

e 5x7 -1

2xt+x2 -3

X =3x-2, \/11+ 2. COS2X —COS o (3x+1)
T206) tim ) i ROy g S g

X-x=2 ¥>-7 =0 ]—cosx ¥

X

3x+2) il Jsinr® o
(x Tox+ ) . 6) I x—1 2'B) lig YSinx . r) lim(4x+2J - 1)

X 4+2x7 —x-2 s>5 x2 =25 77T 5o0 g5y >0\ 4x =7
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2x+1

2x +3x-5, I tg4x . [2x+5) s
1.4.27 a hm 6 1 ; r hm( J i
) ) >l ) ,/ ) vﬁO,/l+8x 1 ) X0 2x > )
. 2x7—-x-3
lim————.
o 8y" —10x -3
3 .
14.28 a 11m— im——=—— B) lim " ;
) X—— 2x +3 ) V*}O,,6+ \/_’ ) V~>0x +3x >
 (x+5)" 9x° +3x-6
r) lim ; lim———.
) Hw[x—6j > A1) lim 3x° +5x -3
1+x) —(1+3 Jo—x-\2+x g (o ¥
1.4.29 a) jim -t (5 %), 6) fimYo-r—V2tx, B) lim—>; ) hm[ al j
x>0 X+x x>2 2x -4 =0gin” x x>0 2x =35
. 1) lim 2x" +3x+1
= VI
3 2 4x 2 x+3
1.4.30 a) fim = X T8 gy VXIS gy, @ Tl gy [ 2L g
-2  x +3x" -4 =2 x? =3x+2 " 0 In(2x +1) ool 3x7+2
. 4x"+3x+2
llm#-
w0 X7 4 2x7 +x -2
3aBaaHHA 1.5. 3HanTn noxigHi GyHKLiN.
x =2t —sin2t;
1.5.13) y:ln(x+\/4+x2); 6) { 3 ;
y=smf
B) y=(ctgdx)"; T) x=)" +arctg(xy).
1.5.2a) y=+4-x° —4arcc0s— 6) { . > B) y=(cos2x)™™; T)
y=e™;
In(y —x) = yx*.
1 =¢
1.5.33a) y=scig x+Insinx; 6) { \[ B)y (tgn)™™™ ;1) 75 +7" =7,

1
1.5.4a)y:In(ex+x/3+2x);6) YT cost; B) y=(cos3x); 1) ¢ -sinx=e -cosy.
Y =21gt;
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1.5.5 a) y =Inarcsin1-e™ 6){ i B) y=(x’+4)™; ) y-sinx—cos(x—y)=0.
y=

— = 1gt;
1.5.6 a) yzqctg —% tg3x; 6) {x f B) y= xarccosr .
y=

=1+

Vv

r) Inx+e* =e.

1 X
1.5.7 a) y=arctg\1-¢ ; 6) Y=y szt ; B) y=(ln2x)5;

y=cos’t;

r) x> +y*=hny.

_ 2.
1.5.8 a) y=arcsine’ —/1-¢”* ;0) {x—ln(l+t ) ;B) y=(x+5"; 1) In(y—x)=y-x>.

y =t+arctgt,
1.5.9 a) y=1ntg§—arcsin§;6) {x:zzjnt;,’ B) y=(ctgx)";
F) y-lny=x3.
1.5.10 3) y=tg2§+arcsinm; 6) {X=1t—t;;;
y=i-r;

B) y=(arcsinx)m; r) x+y+\/5:10.

1
1.5.11 a) yzg (arctgex)3 ;0) T ; B) y=(1-x7)""";r) Loe,
y=(t+12 ¥

1.5.12 3) y—q/1+1n =, 0) { = In2s ; B) y=(nx)“>"; r)sin(xy) + cos(xy) = tg(xy) .

=sin4z;’

=5"+1;
1.5.13 a) y=log,log, 1g x :6) {x 10° ’ B) y:(xz +2)6053x;
y= -4

r) 2ylny=x.

=1;

y=@+1)7%

lnv.

1.5.14 a) y=arctg(tg§+lj 6) { ; B) y =(sinx)

r) x—y =arcsinx —arcsin y .
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x=cig2t;

1 x
1.5.15 3) y=51n(62 +1)—arctge 6){ 3o

B) y=(x"-D";1) e =xy.

\/;.
1.5.16 a) y=log,——— ;6) 1"~ ¥";8) y=2x+3)"; )’ =x+y.
\/l—x y=ée';
1.5.17 3) y=x+ 8 -, 6) x=N1-1%; ; B) y=(arctg)™;
14 et Y =arccost;
r) ===,
X+y
1.5.18 a) y=2x/;—4ln(2+\/;) :6) {;_z’ztzf : B) = (x’+50)";

Vv

r) Inx+e * =1.

15193)y——1n«/1+2tgx 6){ TSIG L gy e

=1-cos 2t

X
r) Xy =arctg— .
Y

o . R
1.5.20 a) y- ln{—+ /1+—J 6) {x‘smsn ; B) y=x";r) tgy=xy.
y=t—cost;

x=In(1+7);
y=t—arctgt;

1.5.21 a) y=1ntg§—c0slntgx ; 6) { B) y=(x)¥";r) y=l+xe’.

x=1+1

, B =X ; I)cos(xy)=x.
—Ine+ 1) )y ) cos(xy)

1.5.22 3) y=arctg(ex—e'x) ;0) {

1.5.23 3) y =cos’ (sine“) ;0) {x cgul . B) vy =(tgx)*™;T) \/;+ex*/; =5.
In(sin 2¢);”
=aqrct l
1.5.24 a) y =Inarccosy1—¢e* ; 6) T Cgt’; B) y = (arcsin2x)"*; ) y> =xsiny.
y=é;
_ in?
1.5.25 a) y=3“/th’C ;6) {x—sm t2 B) y = (arctgx)""; r)y+Jxlny=1.
y=cost’;
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1.5.26 a) y=arctg(x—\/1+x2) ; 0) {xzsin3x—x; ; B) y=(Wx>+2x)";T) y=cos(x’ +y).

y=2x+cosx;

1.5.27 a) yzéarctgevz_3 ;0) {x=e temi ;B) y=(x"+2)""; ) Iny=sin(xy).

y=ctg(t+1);
1.5.28 a) y=In*(x+cosx) ; 6) {x:@;; B) y=x"; r)e'x—sinx=y.
y=Int;
x =sint,
1.5.29 3) y=Inln*In’x ;6) 1 ;B) y=x"; r)igy+e’ =x.
y=—";
cost

1.5.30 3) y=+2"-1-arctg\2" -1 ;6) {x:T_t+t;; B)y=(x2+3)&; r) Iny+cos(xy)=x.
y=Int.

3aBpaHHA 1.6. JocnignTtn yHKUIi Ta nobyaysBaTu ix rpadiku.
x2

1.6.1a) y=

1; 6) y=x’-e.

2
X

1.6.2 a)y=(2x—_1'

27
X —

6) y=(x—1)-e"".

1.6.3a) y="> j; 6) y-1nx,
X

X2+

2

1.6.4 a)y=3x i 6) y=In(2x* +3).
X

2
1.6.58)y=x2+i; 6) y=x*-e".
2 _

1.6.Ga)y=34x ; 6) y=(x-1-e".

1.6.73)y= al 1 ;0 0) y=xx+3.

2
X -

2
-1
1.6.8a) y=2—;
a)y ¥ +4’

6) y=(3-x)-e".

1.6.98)y=41_x ; 6) y=x"-Inx.
-Xx
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1.6.103) y=——; 6) y=In(x>+2x+2).
x p—
x2_2 .4 4
1.6.113) = . ; 6) y=sin*x+cos*x.
Y —

1.6.12 a)y=("“2) ;B) y=et .

X —

1.6.13 a) y= 2" +11; 6) y——".

x— Inx

2x

1.6.143) y=—-; 6) y=(x+4)-¢".
x +1

1.6.15a) =2 _;  6) y=%
X +3

1.6.16 a) , - 2(;‘2_1); 6) y=(x-30x.

1.6.17a)y=—2";  6) y=—_.
x -8

e -1

1.6.18 a) y== _i"; 6) y=InO+x>).

X

1.6.19a) y=—"; 6) y=<-

1+ x° x

1.6.20 a)y=x2+i2; 6) yzlnx—%xz.
x

1.6.21 a)y=25—x4; 6) y=x"-Inx.
x p—
1.6.22 a)y=1 ! =, 6) y=2x"-Inx.
—x
*-1 Inx
1.6.23a) y="—; ==
6.23a)y=>— 6) y==
1.6.24a)y——"; 6) y=ln>t!
e y_x3+8' 7= x-2

1

1.6.25 a)y=l+4x2; 6) y=(x+2)-e*.
x
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3

1.6.26a) y= ad 1; 6) y=x-Inx.
% —
1.6.27 a) y= 2x ; 6) yzf—arctgx.
x =1 2
1.6.28a) y= 2x ; 6) y=x-In(x+1).
x +1
1.6.29 a)y=——; 6) y=e.
x -4
x' -4 =
1.6.30a)y= =— 6) y=x-e? .
x

3aBaaHHA 1.7. OyHKUiIT NONUTY ¢ Ta NPONO3unLiT s Bif, LiHU p BUPAXKAKOTbCA

PIBHAHHAMMW g =q(p), s=s(p).3HANTHU:
a) UiHy piBHOBaru;

6) enacTUYHICTb NONUTY Ta NPONO3ULi ANA L€ LiHwn.
1.7.14=1400-5p, s=1100+5p.

1.7.2 g=10-p+2p, s=4p—6.

1.7.3 ¢=1300-4p, s=1000+2p.

1.7.4 ¢=20-p+6y/p, s=2p-25.
1.7.5 ¢=2000-20p, s=200+10p.
1.7.6 ¢=12-3p+2/p, s=2p-4.

1.7.7 ¢=1100-10p, s=800+20p.

1.7.8 q=7—2p+4\/7, s=2p-1.

1.7.9 ¢=1000-5p, s=800+5p.

1.7.10 g=8-p, s=p+2.

1.7.11 4=1500-30p, s=500+20p.
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1.7.12 ¢=9-3p+2/p, s=2p-7.
1.7.13 4=2100-40p, s=1100+60p.
1.7.14 ¢=15-2p, s=p+6.

1.7.15 ¢=1400-10p, s=200+20p.
1.7.16 ¢=30-2p+6yp, s=p-15.
1.7.17 ¢=1800-5p, s=1700+5p.
1.7.18 ¢=25-5p+4p, s=5p-7.
1.7.19 ¢=1200-30p, 5s=800+10p.
1.7.20 g=12-p, s=p+2.

1.7.21 4=1300-2p, s=900+2p.
1.7.22 q=1—2p+4\/7, s=2p-T.
1.7.23 4=700-8p, s=100+2p.
1.7.24 ¢=9-2p, s=p+3.

1.7.25 ¢=900-20p, s=300+10p.
1.7.26 ¢=18-6p+4/p, s=4p-14.
1.7.26.27 4=1200-5p, s=700+5p.
1.7.28 ¢=30-5p, s=p+6.

1.7.29 ¢=2300-40p, s =1800+10p.

1.7.30 ¢=25-p+6yp, s=2p-20.

3asaaHHA 1.8. [locnigntu Ha ekcTpeMym QYHKLiO z = f(x, y).

1.8.1. 1.8.2.
z=3x"—5xy+4y" —TIx—y+1. z=2x"-3xp+5)" —2x—y+5.
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1.8.3.

z=3x+6y—x"—xp+y°.

1.8.4.

z=xX"—xp+y’ —2x+y.

1.8.5.
z=5x"-Txy+9y" —x—y+1.

1.8.6.
z=6x" —8xy+5y° +2x+y+3.

1.8.7.

z=X"+xp+)y’ —2x—y.

1.8.8.

z=6x"+4xy+3y° —x—y+1.

1.8.9.
z=3x"-5xy+8y° —x—2y+1.

1.8.10.
z=5x"—6xy+9y" —x—y+3.

1.8.11.
z=4x> -3xy+5y" —x+y-2.

1.8.12.
z=4x"—6xy+7y  —Tx—y+1.

1.8.13.

z=xX" -2xy+7y —x—y.

1.8.14.
z=8x"-3xy+y’ —x+5y-1.

1.8.15.

z=5x+y—-x"—xp+y> +1.

1.8.16.

z=x" —xy+y +3x-2y+5.

1.8.17.

z=3x"+xy+4y° —x-2y.

1.8.18.

z=3x+6y—x"—xp+y°.

1.8.19.

z=x"—xy+3y° +2x—y+5.

1.8.20.
z=5x"—6xy+3y" —x—y+1.

1.8.21.
z=4x" -3xy+5)° - 2x+y.

1.8.22.

z=5x"—xp+)y —x-2y-1.

1.8.23.

z=4x"-3xp+2y° —x+3y.

1.8.24.

z=Tx>=2xy+3y° +x+y+5.

1.8.25.

1.8.26.
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z=x"+xp+)y —dx—y+1. z=5x"—xp+y —x—y-—1.

1.8.27. 1.8.28.

— 2_ 2_ —
z=x" —xy+7y" +5x+y+1. 2=6x" =3ty —x-y+l

1.8.29. 1.8.30.
z=x"—xp+y +3x-2y+3. z=x"=2xp+3y° —dx+5y+2.
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4.4.3 KonTpoJibHa po0oTa 10 TeMi KpaTHU IHTerpaJ

Bapianr 1

1. OOuucauTH NOABIMHUI 1HTErpal
A)[[ye? dxdy; D: y=n2, y=n3, x=2, x=4.
D

B)ﬁ(lsxzyz £326° 9 ) dxdy: D x=1, y=3x, y=—x*.
D
2. OOYHuCIUTH MOTPINHUM THTETpa:

xydxdydz; G: x2+y2=1, z=0,z=1,x20, y>0.
G

3. 3maiitn gopxuny ayru I': p=asin’ % , €[0;3n].

4. llepeBipuTH, YU 3aJICKUTHh IHTETpaj J(l—%]dx+(l—iz]dy Bl hopmu
By X Xy

KpuBoi B obnacti x <0, y>0.

Bapianr 2

1. OO6uucnuTH NOABIMHUN IHTETPA:
A)J.J.2ycos2xydxdy; D:y=n/4,y=n/2,x=1, x=2.
D

B)J.J.yze‘xy/gdxdy; D:x=0,y=2, y=x/2.
D

2. OOuucIUTU NOTPIMHUN IHTETpa:

[[[r+y+2)dedydz; G: 0<x<a,0<y<b,0<z<c.
G

3. OGumciutu macy kpuBoi x=In(l1+¢°), y=2arctgt—¢, te[0;1], saxmo ii

rycTHHa L=y /e .
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4. OOuuCAUTH 1HTETpal J. (x — y)dx + dy TO BepxXHEOMY HiBKOTYy X~ + y° =25 Bix

r
touku A(—5,0) no touku B(5,0).
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